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listed in t h e i r  chap te r s .  
without subscript, a dummy constant 
with subscript, a constant defined by equ. (099-9,)  
without subscript, a dummy constant 
with subscript, magnetic flux-density, weber/m 2 
magnetic flux density at point "n" induced by the 
magnetic dipole at point "m" . weber/m 2 
without subscript, a dummy constant 
with subscript, a constant, defined by equ. (130-1) 
through (130-17) 
dielectric displacement 
a dummy vector 
a dummy vector 
unit vector in the direction of the magnetization-vector 
magnetomotive force gradient, ampereturn/m 
magnetomotive force gradient at point "no induced by 
the magnetic dipole at point rcmrc, ampereturn/m 
mdngetornotive force gradient induced only by electric 
currents , ampereturn/m 
unit vector in the x direction 
unit vector in the y direction 
current density ampere/m 2 
unit vector in the z direction 
constant defined by equ. (109-1 through 35) and (101-4 
through 7) 
constant defined by equ. (102-1 through 5 and 15) 
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M 
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J 
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'mn 
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2 magnetic dipole moment, ampereturn 
magnetic dipole moment at point 9gm*t 
magnetization vector at point nmn, identical with the 
magnetic dipole moment per unit volume at point "m** 9 
also identical with the amperian current density on the 
surface of a small cylinder surrounding point nmn9 
ampereturn/m 
ampereturn m 2 
the last number in a series 
a distance, m 
a distance, m 
the distance of point m from the point n ;  meters 
a surface spanning a current-loop. m 2 
time, sec. 
a volume, m 3 
numerical value of the x coordinate, m 
numerical value of the y coordinate, m 
numerical value of the z coordiante, m 
angle between the direction of the magnetic dipole 
moment at point "m'* and the direction of the distance 
permeability of empty space, h10e7 weber.m/ampereturn 
relative permeability, numeric 
summation 
scalar magnetic potential, weber/m 
between points @*m8* and *'n It . 
Subs c rip t s 
m at point ttmn 
n at point '*nn 
r or re1 relative 
X component in the x direction 
vi 
Y component in the y direction 
Z component in the z direction 
Superscripts 
m induced by the magnetic dipole at point "rn" 
0 induced by electric current in free space 
vfi 
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STUDY TO DEVELOP METHODS OF PREDICTING 
SPACECRAFT MAGNETIC FIELDS 
By Andrew A, Halacsy* 
SUMMARY 
A procedure to calculate the magnetic field in three di- 
mensions and in the neighborhood of a magnetic body of finite 
permeability, like a satellite though required, was not known 
so far. 
Such a procedure is presented here, in three sections, as 
f OllOW 8 .  
SectionI. Calculations are presehted which define the m,m.f. 
grad. "Ti, in points of a thPee dimensional free space, for an 
arbitrary current system. 
Section 11. Calculations are presented which determine the 
total m . m . f ,  grad., qn at points within magnetic bodies of 
field dependent permeability. Tais total m . m . f .  grad. resulta 
as the s u m  o f  the m.rn. f .  grad. OH,-s calculated in Section I, 
and the m . m . f ,  grad. 
points o f  the magnetic body, The dipoles at each point in 
their turn are induced by the total m . m . f .  grad. This calcu- 
lation agrees with physics teaching that the magnetic moment 
of such points arises by the m , m . f .  grad. OHn due to the cur- 
rent system and by interaction. 
% -8  resulting from dipoles at other n 
Section 111. Calculations are presented which dehrmine the 
3 dimensional m . m . f .  grad. at any arbitrary point outside the 
magnetic body or bodies codsidered in Section XI. Values o f  
the total m . m . f ,  grad. are found by summing the m.rn.f. grad. 
calculated in Section I with the contributions from the points 
of magnetic bodies considered in Section 11. 
All calculations are computerized, The computer pragrarns 
are attached and explained in details, 
The calculations are in good agreement with laboratory 
re eul t s . 
*Consulting Engineer, Heat Magnetic Engineering Co. and 
Professor of Electrical Engineering, University of Nevada, 
Reno, Nevada 
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I . INTRODUCTION 
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I! 
General 
The magnetic field of a spacecraft has its origin in 
electric currents and magnetic dipoles present in the space- 
craft. The magnetic dipoles are not necessarily induced by 
the electric currents in the spacecraft but can be induced 
by any other magnetic field present in the space and so can 
be the current. 
Consequently, the magnetic field of the spacecraft does 
not differ from and can be analyzed as any other magnetic 
field. 
Though several ways are known to analyze magnetic fields 
in two dimensions there was very little done to develop three- 
dimensional analysis needed to analyze the three-dlmensional 
field of a spacecraft. The few attempts made for three- 
dimensional analysis are known to have run into difficulties 
of great complexities, when field dependent permeability was 
considered. 
An attempt was made to analyze magnetic fields in three 
dimensions with field dependent permeability of ferromagnetic 
materials present in the field, This attempt tried to avoid 
the greatest source of the difficulties which is in the use 
of a magnetic vector potential. A scalar potential i B  used 
in this analysis. This is made possible by performing the 
analysis only for points where no electric current exists as 
in the field of a spacecraft. 
No such type of analysis i's known to the investigator, It 
is believed that this type of analysis is quite novel in its 
use of the magnetic scalar potential by which the calcula- 
tions are reduced to scalars instead of vectors. It turns 
out that there are two scalar quantities to be calculated 
at each point considered. They are the magnetic scalar po- 
tential and the permeability, They define then the magni- 
tude and the direction of the magnetic field in those points. 
This analysis does not require boundary conditions because 
. there 2 s  no integration as required if the magnetic vector- 
potential is used, and so a quite general solution can be 
reached. Then the geometries can be inserted in a kind of 
subroutines. This way the computer-program is valid for any 
geometry except the geometrical subroutine and is less complex 
than if the vector potential would be used, d 
BCtsically, the analyeis presented here solved Maxwell's 
equations directly. 
3 
The use of 
one of Maxwell's 
terms of (Q and 
Another equation 
for the permeabil 
the magnetic s5alar potential, cc, leaves only 
equations, n.B = 0, and this if written in * 
for 
.ity curve p = f(H). 
p, provides one equation for the problem. 
and p is arrived at by wriaing H = -v9 
The ferromagnetic body is divided into a finite number p 
of boxes. The bagnetic mo ent of each of which is then con- 
for cp and p are written for each of these points. 
single point in its center. The two equations 
The result is a set of equations, 2p in number for (r 
and p, each p in number, that is for 2p unknowns. Origi- 
nally the equations were partial differential equations, and 
they are linearized for the numerical solutions. These linear 
equations are solved, for instance, by matrix inversiork. 
The calculation was computerized, and the programs sec- 
tianalized. Fortram IV language was used for an IBM 360/50 
machine or equivalent. This part of the work was done by 
Praf'esaor 0 ,  H. Clark, University of Nevada. 
Laboratory verification vas performed on a limited number 
of specimens and the fit was 3'16% for the current field, and not 
aoigood for the dipoles. 
useful not only to investigate the magnetic field of satellites 
but that of any other space,with the presence of ferromagnetic 
odies and it would be useful to solve several other problems 
of present day engineering which are yet unsolved, 80 for 
instance, for power-flow and short-circuit studies of V e r y  
large interconnected electric power systems; for analysfs and 
design of elastic structures, etc ,  
It is realized that a procedure like this one would be 
4 
The Physics of the Problem 
i 
The electromagnetic field is completely defined by 
Maxwell ' s equations 
2 z 
D = e c  E r " o 
~ S . A & A .  
These six equations have six unknowns, H, B, J, E, D, t, 
and so they should be sufficient to calculate these unknowns. 
Though the vectorial quantities are fine for theoretical 
expressions, but how can six equations be solved for six vec- 
tors? After all, a vector needs three quantities to define its 
magnitude and direction: either its three Cartesian components, - or - -  its rnagnitxde and two directional cosines. 
--L A 
Though H a m %  has the same direcLion, and so has $ and D, 
and though the V X H  equation, and the V X E  equatio2 allows 40 
make use of certain orthogonalitiee between H, E, and J, 
etc., still great complexities arise. 
Fortunately Maxwell ' 8  equations aimplify drastically 
1.) The most common restrain* is to assume no variation 
when some restraints are permissible. 
in time, the magnetostatic case,, 
4 The time d2rivatives vanish in this ease, and the curl 
of H becomes nxH = J, what is Ampere's law. 
2.) The electrostatic field is not required in the dis- 
cussed case (in the Static case). Even if it is, it can be cal- 
culated separately because electrostatics and electromagnetics 
are connected only through the two time derivatives in Maxwell's 
equations and these time derivatives vanish in the static case. 
T E l s  is equivalent to say that di-electrics and magnetisms are 
connected only by Faraday's and Henry's law of induction, 
non-existing in the static case. Of course, the electric cur- 
rents still produce a magnetic field, and so the remaining 
Maxwell equations to be solved are then: 
5 
(100-2) 
(100-3) 
3,) Another grea t  s implif icat ion .occurs when the f i e l d  
ia analyaed only outside of r e a l  ing conductors, 
(not dipoles)  where $ = 0, T h i x  
t h a t  now the vector po ten t ia l ,  A, ed completely, 
and a magnetic s ca l a r  potent ia  
The gradies t  o f  t h i s  magnetic 
gradient H ,  
0 w i t h  the r e s u l t  
can be used instead o f  i t ,  
‘p’ a a r  po ten t ia l ,  cp i s  the m , m , f .  
A 
-vtp= H (100-4) 
Of course, the c u r l  of a gradient is always zero, and 
so a s c a l a r  po ten t i a l ,  (p, chosen t h i s  way s a t i s f i e s  the now trun- 
cated Maxwell s equation automatically, 
Y? X I ? . ;  0 (100-1) 
-L Follows that using a m a l a r  po ten t i a l ,  only  the equation 
n * B  3 0 and the magnetizing curve, B r: pH a r e  t o  be s a t i s f i e d ,  
H = -vy so these a re  two equations f o r  t w o  unknown 
sca l a r s  9, p ,  
vcp can be d i s ~ o l v @ ~  i n t o  3 s c a l a r  equations f o r  
Step8 Taken To Achieve’ a Numerical Solution 
Several s teps  were required t o  make the theory applicable 
to  r e a l  problems w i t h  numerical dimensions and t o  a r r i v e  a t  
numerical values of H. 
A,) The dipoles  a r e  induce n e t i c  material  by 
the f i e l d ,  These dipoles  have t d too, The f i e l d  
ac t ing  a t  the loca t ion  o f  a dipole is therefore  the sum of the 
current  system, OHn, and the f i e l d s  o f  a l l  o ther  
n 
6 
' I  ? 
Hn = OXn + 
J 
m 
m#n 
B,) The calculation is to be made practical. Therefore 
the magnetic material is divided into small blocks, then uniformity 
of H and U is assumed within each block; and all dipoles of each 
block are considered lumped into one single dipole located in 
the center, m of the block. 
The strength of the magnetiz tion of m is expressed by the 
magnetization vector 
The dipole strength is expressed by the magnetic moment, 
where Vm is the volume of the block, 
A diple at m has a potential at another point, say the previously 
examined n, as follows, 
where e& (;he angle between the direAtion of the magnetization 
vector Mm and the directed distance rm from m to n. 
Writing Mm as above, the scalar potential of each dipole at n 
can be written in terms of t h e  Hm at the location of the 
other dipoles. 
So the Hn at each point can be expressed in t e r m s  of the Hm-s 
at the location of all other dipoles, assumed to be in the 
center of the  subklivisions of the material. 
C . )  Using this form of Xn, .*.. Bn = pnHn, and 
the Maxwell equ. 
m#n 
A 
Then all H - s  are expressed as H- - 8 w  
in this equation and so one hars set o f  second order partial 
differential equations, p in number if the material is divided 
into p eubdiviaians. These equations are scalar equatfons. 
7 
The unknowns i n  t h e s e  equat ions  a r e  t h e  cy-s and t h e  p-s, each 
p i n  number, t h a t  i s  2p unknowna, t w i c e  as much a s  equat ions ,  
However ano the r  set o f  p oquat ions i s  provided by t h e  permea- 
b i l i t y  cu rves  p zs f ( H ) ,  one f o r  each p o i n t ,  i n  which t h e  H-s 
could be w r i t t e n  aga in  as H = -vrr. 
This  makes 2p equ. f o r  t h e  2p unknown rp-s and p-s, so t hey  can  
be solved f o r  t h e s e  unknowns. 
D,) The t r o u b l e  i s  t h a t  p cannot  be expressed a c c u r a t e l y  
enough as an  a l g e b r a i c  f u n c t i o n  o f  H. 
A s o l u t i o n  i s  used,  t h e r e f o r e ,  as fol lows:  
1.) An a r b i t r a r y  set  of p - s  i s  plugged i n t o  the equa- 
t i o n s  a t  t he  start  i n  t h e  form o f  paramet r ic  cons t an t s .  
2 . )  The p a r t i a l  d i f f e r e n t i a l  equa t ions  are l i n e a r i z e d ,  
3 . )  Then t h e  r e s u l t i n g  l i n e a r  equa t ions  are so lved  f o r  
t h e  V - s  by any known method, f o r  i n s t a n c e  ma t r ix  inve r s ion .  
4.) The components of H are b u i l t  as 
Hx 3 - 
ax  
according t o  H = -vq 
5 . )  p is read  a g a i n s t  H from the permeab i l i t y  curve 
f o r  each p o i n t ,  
6 , )  These new p-s a r e  pu t  i n t o  t h e  o r i g i n a l  equa t ions  i n  
p l a c e  of t h e  o r i g i n a l l y  used p - a ,  and t h e  p rocess  i s  i terated 
u n t i l  t h e  p-s become n o t  d i f f e r i n g  more than  allowed from 
t h e  previous  ones. 
The c a l c u l a t i o n  was computerized, and the program aec t i ana -  
l i z e d .  
S p e c i a l  cons idera-  
t i o n s  are given t o  t he  a i r - i r o n  i n t e r f a c e  b u t  t h i s  does r e q u i r e  
on ly  a d d i t i o n a l  p o i n t s  i n  t h e  a i r ,  
8 
4 i 
I' 
5 
I 1 , T H E  DETAILED MATHEMATICS OF THE PROBLEM 
-.r 
B can be written in terms of cr: and p a8 shown above 
~ 0 B . s  P O P  o r  p ecg= 0 (100-5) 
a 
The expanded form of' (100-5) is as fo~1owsr 
The first partial derivative8 of 'pn are the directional 
components of 
-b. 
These can be written as follows Hn' 
a vn i3 %l 
a Yn nY 3 zn 
and f a r  - p: H and similar expressions for - = H n2. 
The derivation of these equations is given below, and the 
solution 18 achieved by oonsiderafions and steps a8 fol lows,  
*HNL appearing in (100.17) is due to an elecfric current- 
system and can be calculated independently. It can be considered 
a8 a constant in equation (100-7). 
9 
x 
Use the first p a r t i a l  der ivaf ives  of 
Differen t ia te  (100-7) p a r t i a l l y  a t  n i n  order t o  have 
(pn i n  the f o r m  of (100-7) i n  (100-6) 
the second par t ia l  der iva t ives  f o r  (loo-6), 
Write (100-6) by using the j u s t  described p a r t i a l  deriva- 
t i v e s  and l i n e a r i z e  i t  by approximating the der iva t ives  by 
f i n i t e  differences.  
alee i n  a e t  of l i n e a r  equations of the type 
(100-8) 
For each n point there  i s  an equation 
2, i n  
.n = I t o  po 
Use an assumed 
(100-8) for C T ; ~  - s. 
prn # 1 f o r  each point 
Calculate a Q* 
A xtl 
= -  Hnx 
I 
“ f  
(100-9~) 1 ..s 
(100-10) 
d p ,  from the ~ a g n e t i z ~ ~  Curve, (100-3). Use these pn - 8 
i n  (100-8), Solve (100-8) again f o r  qn - 8 and iterate till 
the differences i n  (9-5 and p-s between consecutive s t eps  
decrease t o  
The Magnetic Scalar Poten t ia l ,  
The magnetic s c a l a r  po ten t ia l  vns a t  a point n i s  usually 
10 
(100-9Y) 
(100-92) 
i 
A 
h n 
7"" rn 
THE MAGNETIC DIPOLE-MOMENT AT THE 
I INDUCES A MAGNETIC SCALAR 
POTENTIAL rn IOn AT THE POINT n 
POINT m REPRESENTED BY THE CURRENT 
FIGURE I 
, 
written in terms of the magnetic dipole moments, 
being located at a point m, see F i g .  1. mm, 
the dipole 
8 J The magnetic dipole moment, mm, of electric ampereturns, i, 
enclosing a small surface, Sm, containing the point, m, is 
This is so even if lim Sm-+ 0. 
magnetic dipole at another point, n, is per ref, 1, p. 49, 
equ. 4,l. 
m m = is m Ampereturnspsquare meter, (150-1) 
The scalar potential of this 
mn mn 
In equ.(150-2) 2m is the unit vector normal to the surface Sm 
at the point m, rm is the unit vector from m to n, see A 
Fig .lo 50- 1) 
Magnetic Dipole-moment and Scalar Potential 
Of a Current Sheet Enclosing a Volume 
Suppose the ampereturns are flowing not in a line like in 
Fig. 1 , 
containing the point m. This is so even if lim Vm-7 0. This 
is shown in Fig. 2 . 
The volume of the cylinder is then 
but in a sheet enclosing a cylindrical volume, Vm, 
Note the height of the cylinder as hm. 
Vm = hmSm (151-1) 
The ampereturn density, Mm on the surface of the cylinder is . 
i then Mm - 
hm 
ampe r t urn/me t e r 
or, in reverse, the ampereturn i can be written as 
i = Mm hm (151-3) 
The magnetic dipole-moment of these ampereturns is, per equ. 
(150-1) (151-1) (151-3 1 
m = i Sm = Mm hm Sm = Mm Vm Amperturnsrsquare meter 
(151-4) m 
Similar to(150-2) the scalar potential of the magnetic 
dipole mm at n, is by the combination of(l5O-2) and(151-4,) 
12 
1 
h i 
A 
m h 
THE MAGNETIC DIPOLE- MOMENT AT THE 
POINT m REPRESENTED BY THE CURRENT 
SHEET i I DUCES A MAGNETIC SCALAR 
TIAL myn AT THE POINT n 
FIGURE 2 13 
I 
1 
r * 2  m n  r mn 
h r 
m = I_ 1 m -  - 
vn 4n Mm 'm i~ * m 
(151-5) 
Tnspecting equ. (151-5)one recognizes  M as t h e  magnet izat ion 
a t  m, and h a s  the  d i r e c t i o n  o f  the magnet izat ion v e c t o r ,  
111 
' P h i s  i.s s o  Because Mm i s  t h e  t o t a l  of the  d i p o l e  moments i n  
u n i t  vo.Lume, and 
,Im 
...- m f r o m  equ. (151-4) Mm - vm (152-la)  
The Magnetic F l u x  Densi ty  and the  M.M.F. Gradient  
Induced By Dipole Mornents 
A t  n t he  induc t ion  or magnetic f l u x  d e n s i t y  m$ , due t o  
n 
t he  magnetic d i p o l e  moment a t  m, i s  t h e  g r a d i e n t  o f  t h e  p o t e n t i a l  
of t h a t  d i p o l e  moment, t he  p o t e n t i a l  being taken  a t  n ,  m u l t i -  
p l i e d  by t h e  t o t a l  permeabi l i ty  vr t aken  a t  t h e  p o i n t  n o  ,n ' 0 ,  
The m.1n.f. g r a d i e n t  a t  the same p o i n t  i s  
"rt 
(152-3) 
Combine equ. (152-3)(152-2) (151-5)(152-1) and cons ide r  'm a 
1 (152-4) 
cons t an t .  
A 
m a  1 J 'mn 
Hn 4n m 3 
rmn 
= - - V  v(Mm, - 
The T o t a l  M.M.F. Gradient  
The m . m . f .  g r a d i e n t  a t  any p o i n t  i s  t h e  t o t a l  of m . m . f .  
g r a d i e n t s  caused by v a r i o u s  sources .  The sources  a r e  e l e c t r i c  
c u r r e n t s ,  and magnetic d i p o l e  moments. O H n  denotes  t h e  m . m . f .  
9 
i 
.. 1 
gradient component a t %  gradient caused & elect& mrrmk, ?? de- 
no te s  the m . m , f ,  component a t  n ,  caused by t h e  magnetic d i p o l e  
moment a t  rn, The t o t a l  m . m . f .  g r a d i e n t  Hn a t  n can be w r i t t e n  
as fol lows.  
n 
2 
tnd n 
Here the summation i s  f o r  a l l  magnetic d i p o l e  moments i n  p o i n t s  
m = f  t o  p, which have a magnetic p o t e n t i a l  a t  n. This ,  of  course ,  
excludes the  d i p o l e  moment a t  n from t h e  summation, as i n d i -  
ca ted .  
Note that; t h e  summation i s  a summation of vec to r s .  The 
A 
i nduc t ion ,  o r  magnetic f l u x  d e n s i t y ,  Bn , a t  n is 
A 
Consider t h a t  the magnet izat ion v e c t o r  Mm a t  m i n  a material 
with Urel,m is  by d e f i n i t i o n  as f o l l o w s .  
Combine (152-6) (152-5) (152-4)  (153-1) 
and 
m#n 
Rearrange and combine (153-3), (153-1) ,  (152-1)  
A 
h 
DIRECTIONAL RELATIONS 
AL 
3 3 
FIGURE 3 
A Cartesian coordinate system is used, in which the three axes 
are x , y , z ,  and the three unit vectors in the direction of these 
shown three axes are ?, 3, The unit vectors fi;, and r 
in equ. (155-1) can be expressed in terms of their directional 
cosines and the unit vectors i, j, k, as follows, 
A 
mn 
A n A  
A A  n A 
h = i cos(ih) + j cos(jh) + k cos(kh) (155-2) 
(155-3) 
A A A h  r = i cos(ir) + j cos(jr) + k cos(kr) 
5' a 
I >  
rs. r mn 
1 
1 the a 
and their scalar product is 
A A  
h = r = cos(har) = cos 8 
see Fig. 3 
(155-4) 
denotes a vector connecting points and and pointing from 
point 2 towards the point - n.
can be written as follows: 
By comparing( 152-5) and (153-4) 
mH" = -n m (Pn = - - 1 v II - 1) n (".. p.) 155-5-1) 
n 4r m m ( u r m  r mn 1046-1) 
The only variable in this equation is 
( 155- 5-2) 
(046-2) 
This expression can be developed (Appendix 111) to .the 
following one: 
17 
i 
A (im.?) mn = 
J 
Write OHn by 
cos  ( irm) 
+ 2 2 
3 + cos(kh  )- 
m ax 
m n J  J. mn 
2 
+ cos(kh )- a 
m b z  
- 2  
i t s  t h r e e  components i n  equ. (153-4)and w r i t e  t h e  
second term t h e r e  by using(049-2) 
P 
2 c o s ( i h m )  c o s ( i r m )  + cos ( jhm)  cos ( j rmn)  + 
mn 
# cos(khm) cos(krm)l  
'c w h e r e  Y= r 
a 2 
is Hnx and i t  i s  as fo l lows:  n The x component of  H 
(064-2) 
18 
i 
3 
-1 
* 
i 
I 
i 
! 
J j  
d i 
? 
a; 
(064-3x) 
Similarly 
(064-3Y) 
P cos ( irm) 
+ 1 2 
m= 1 
m#n 
J 
2 r mn 
cos(jrmn) 
3 + cos(kh ) L  + cos(jh )- 2 m a z  r m a z  mn 
(064-32) 
All of the derivatives are taken at t h e  point ,  n. It is in these 
equations 
Hmx = Hm cos(ihm) 
H = Hm COS( jh,) 
my 
(064-4x1) 
(064-4Y1) 
= Hm cos(khm) (064-421) Hmz 
C o m b i n e  (064-3x,3y,3a) and (064-kx1,4y1,4zl) and w r i t e  the abso- 
l u t e  values of Hnx9 Hny' HnZ- 
4 
2 
The M.M.F. Gradient, Hn, in Terms o f  the Magnetic 
(Pn Scalar Potential, 
and similarly 
(099-4Y) 
(099-44 
20 
J 
The Divergence of I? in T e r m s  of and p 
' i  
i 
Using the direction 1 partial derivatives of cp for the 
Cartesian components of 3, the equations (099~1x,ly,ls) become 
equations for the scalar potential, 9,and the permeability, 15.. 
cos ( irm) P 
+ 2 
mn 1 - = - 'OHnx - 4n 1 Vm(Urm 
3 xn rn= 1 bxm ax n r m 
These expressions for t5e derivatives of cp are derived in 
order to use them in the n,B = 0 equation already writ€en in 
terms of 0 and p above. An inspection of that equation (100-6) 
shows that the second partial derivatives of Q are required 
t o o .  They result from the first derivatives by another dif- 
f erent i at ion . 
Express the second order partial derivative of 'Qn- s
21 
2 2 2 
a - ' - '  yn Tn 'fn , by d i f f e r e n t i a t i n g  (099--5x,y,z) at; n 
2 c o s ( i r m n )  
xn 2 r  
+ a - 2 
m n  
( 0 9 9 - ~ O X X )  J Aro 2 c o s ( j r m n )  h(0 2 cos (k rm)  'Ym axn +mh_ +m?_ a Z m  axn 2 mn r 2 2 m n  r 2 
2 2 ( 0 9 9 - 1 0 Y Y )  
i) 
2 cos(jr ) m n  + - -  'Vm 3 
''m ay, 2 r  mn 
2 + - -  
+ 
.z 
It must be observed t h a t  i f  the  d e r i v a t i v e s  are taken  a t  
t h e  po in t  n ,  and no t  a t  t h e  p o i n t s  in, t he  q u a n t i t i e s  at  t h e  
p o i n t s  m are cons idered  as paramet r ic  cons t an t s .  Such are 
t h e  f i rs t  p a r t i a l  d e r i v a t i v e s  o f  9 on t h e  r i g h t  side o f  t h e  
equa t ion  b u t  n o t  on t h e  l e f t  s i d e .  x h e  d i f f e r e n t i a t i o n  must 
be performed on t h e  components of OHn bu t  n o t  on VJwrm-1)  * 
22 
The differentiation must be performed also on the terms con- 
tafning the distance rm between point n and m, because 
they are functions of the location, n. 
4 
The components of OH are given by the geometry and the 
electric currents and can be calculated independently, They 
can be considered as constants for the q, p-equation, 
vatives containing the rm distance between points m and n are 
dependent only on the geometry and they too can be considered 
as constants, 
The deri- 
Similarly the volumes Vm, 
Set of Equations for the Magnetic Scalar 
Potential and the Permeability 
Performing the differentiatione and other mathematics and 
lumping all terms not depen ing on or p into constants then 
terms of' (D, and v, (Appendix IV) the 0.15 = 0 equation takes 
using the results in the 9 .  % = 0 equation, transcribed into 
form as followe, after the derivatives are linearized. 
23 
( 099 -20 1 
(099-22) 
~ c o ~ d  equation which i s  Lobe  satisfied i s  the mag- 
-* n s t i z  urve, from which 
c~n = f(Hn) 
ine (099-2)  d (099-22)  1.1, f(-pq-,) (099-23) 
(099-20) and (099-23) yie ld  two se t a  of equations, each p 
fn number, f o r  two se t a  of p unknowner, pn, an, each p i n  
n ~ ~ b ~ r ,  therefore  they can be solved for theae two unknowns i n  
theory. 
* 'L 
. , L 
2 
t 
1 
I 
f ,d 
One equation (099 -22 )  the magnetizing curve, is not an 
algebraic equation. Therefore the practical solution of the 
two sets of equations ( 0 9 9 - 2 2 )  and ( 0 9 9 - 2 3 ) ,  far the two sets 
of unknowns pn, 'pn where n = 1 to p is proposed as 
follows. 
# 1 in magnetic materials. (099 -24 )  
(099 -25 )  
urn-s' prn Assume 
Use these prn-s in ( 0 9 9 - 2 0 ) ,  n=l to p 
( 0 9 9 - 2 0 )  is then a set of p equations for 
n = 1 to p. Solve ( 0 9 9 - 2 0 )  for 9,. (099 -26 )  
vn, unknowns 
Calculate Hnx, H ny9 Hnz from (099-4x,y,z). ( 0 9 9 - 2 7 )  
Read urn - s  from the magnetizing curve. (099 -22 )  ( 099- 29 ) 
Use these prn - s  in ( 0 9 9 - 2 0 )  and iterate 
(099-25 3 26 -+ 27 -+ 28 + 29 -P 25) (099 -30 )  
< "rn allowed. 
(last reading -1.) - "rn until \Irn (last reading) 
Accept the last resulting H, H ny, Hnz as the directional 
components of the m. m. f. gradient. 
The 
S I I .  SECTIONS OF THE SOLUTION 
above detailed mathematics show that 
3 
OHn can be 
calculated independently from the induced magnetic dipole 
moments. This can be done everywhere, incAuding the magnetic 
bodies in the space. This m,m.f. grad. OHn is assumed to be 
induced by the electric currents and dipoles independent from 
the magnetizable material3 present in the space. Furthermore, 
the calculation of the O H  - s  assumes constant and unit per- 
meability in all of these points. The points are taken as the 
geometric centers of parts of the bodies into which these bodies 
are to be divided, arbitrarily by the analyst. 
Solution: The Halacsy Geometri Method?*%he Halacsy- 
n 
Clark Oxford paper. The MAFCO code,getc. 
4 
2.) After the OHn is calculated in all points, n, it 
can be used in the resulting equation (099-20) of the above 
described calculation. _;This equation suits to calculate the 
total m.m.f. gradient, H, within the magnetizab.le bodies and 
not outside them. Points outside the magnetic bodies can be 
omitted from this calculation because they have no induced 
dipoles and so no such point influences any other points. 
3.) The m.m,f. gradient in points,outsi.de the magnetic 
body, is the total of the m.m.f grad. OHn as cazculated in 
#1 above and the m . m . f .  grad. induced by the dipole moments of 
the points of the magnstizable material. These dipole moments 
are determined by the Hn-s 
# 2 .  The magnetostatic potentials and m.m.f .  gradients are then 
determined from these dipole moments in a way somewhat similar 
to the one of #lo 
calculated according to the above 
These are then three sections into which the calculation 
can be divided, a very desirable process for the computeriza- 
tion, 
IV. SOLUTION OF THE EQUATIONS IN SECTION #2, 
Section #2 is the most complex. Equation (099-20) re- 
presents a set of linear equations, p in number, for the mag- 
netic scalar pbtentials, cp,, at points n, also p in number. 
These equations contain a big array of constants discussed 
in detail in Appendix IV. and tabulated in Appendix V , Of 
course, these constants depending on the geometry only must be 
calculated first, 
The solution of the set of p linear equations is proposed 
by known methods, Matrix-inversion was chosen for the present, 
an available subroutine in computers. 
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V COMPUTERIZATION 
Sec t ion  I of t h e  computer program 
p' 
i, 
i 
d 
The f i rs t  s e c t i o n  of  t h e  computer-program c a l c u l a t e s  t h e  
f i e l d  induced by e l e c t r i c  cur ren ts  i n  empty space(a3.r). Th i s  
p a r t  of  t h e  program i s  b a s i c a l l y  t h e  s a m e  as desc r ibed  i n  
llCompu t e r i z e d  C a l c u l a t i o n  o f  Three Dimensional Magnetic F i e l d s "  
by A. A. Halacsy, G. Clark ,  and J. Dunks, i n  paper  #4, p resented  
a t  the  Second I n t e r n a t i o n a l  Conference on Magnet Technology, 
Oxford, England, 1967. That program w a s  s l i g h t l y  modified by 
apply ing  i t  t o  t h e  NASA-Apollo-Helmholtz c o i l - p a i r s  used i n  t h e  
t e s t  o f  t h e  p r e s e n t  work. 
The new program i s  shown on s h e e t s  
of  a main program, c a l l e d  Welmholtz F i e l d  C a l c u l a t o r "  i n t o  
which t h e  geometr ica l  sub rou t ine  "MAGFLD" 
i s  i n s e r t e d .  These are b a s i c a l l y  the  s a m e  as t he  "MAIN PROGRAMt1 
and Subrout ine "COORD" of t h e  above mentioned paper ,  
The new subrou t ine  MAGFLD i n c l u d e s  n o t  on ly  t h e  geomet r i ca l  
sub rou t ine  of  t h e  above r e f e r r e d  paper  bu t  a l s o  t h e  c a l c u l a t i o n  
of  t he  H-field.  The reason  f o r  t h i s  i s  t h a t  t h e  new program 
c a l c u l a t e s  t h e  H n o t  on ly  a t  one p o i n t  bu t  a t  a programmed 
s e r i e s  o f  p o i n t s  and s t e p s  f r o m  po in t  t o  p o i n t  in t he  t h r e e  
dimensions,  those  p o i n t s  being gene ra t ed  by incrementing t h e i r  
x ,  y ,  z Cartesian coord ina te s  by DELTAX, DELTAY and DELTAZ 
r e s p e c t i v e l y .  These A, B and C va lues  a r e  t h e  s a m e  as t h e  E X ,  
E Y ,  and E Z  e c c e n t r i c i t i e s  o f  the  o r i g i n a l  paper.  
Th i s  program be ing  geared p a r t i c u l a r l y  t o  t h e  Helmholtz- 
c o i l s ,  t h e  sub rou t ine  s p e c i f i e s  t h e  number S E G r K  of  segments 
i n t o  which each t u r n  of t h e  Helmholtz-coils i s  segmented. The 
number of p o i n t s  d e f i n i n g  a t u r n  is then K I  = 2K+1, because 
p o i n t s  a r e  taken  a t  t h e  ends and a t  t h e  middle of each segment. 
Of course ,  t h e  r a d i u s  of  t h e  t u r n  w i t h  which t h e  program starts 
RAD = .7299720550 meters and the  h a l f  d i s t a n c e ,  AAZ = .35626873 
meters of t h e  two c o i l s .  with which t h e  program s k a r t s  a r e  
g iven  i n  t h e  MAGFLD - subrout ine . (See  also Fig, 4 on P,7O) The 
subrou t ine  then  g e n e r a t e s  t h e  coowdinates X(X) ,Y(I), And Z(L) of 
t h e  end p o i n t s  of the segments, I,, by s t e p p i n g  from I t o  I+l u n t i l  
I becomes HI, t h e  number of t h e  last  segment in that  tu rn .  
Then t h e  MAGFLD - subrou t ine  c a l c u l a t e s  t he  va lues  of  
t he  C a r t e s i a n  components UX, W, and UZ of  t h e  H f i e l d  normalized 
with r e s p e c t  t o  inducing  c u r r e n t ,  s t e p p i n g  from segment t o  
segment and adding t h e  c o n t r i b u t i o n  of each segment t o  t h e  t o t a l  
of  t h e  H-values induced by t h e  prev ious  segments. 
Having c a l c u l a t e d  t h e  H induced by t h e  f i rs t  t u r n ,  t h e  
program s t e p s  t o  t h e  next  t u r n  i n  t h e  a x i a l  d i r e c t i o n  by 
27 
i n c r e a s i n g  t h e  index J Z  by one, c a l c u l a t e s  t h e  H f i e l d  induced 
by t h a t  t u r n  as be fo re ,  and so cm u n t i l  a l l  15  t u r n s  a r e  
considered.  
Then t h e  program s t e p s  t o  t h e  nex t  l a y e r  of t u r n s  i n  t h e  
r a d i a l  d i r e c t i o n ,  by i n c r e a s i n g  t h e  J X  index by one, c a l c u l a t e s  
t he  H induced by t h i s  t u r n ,  and so on u n t i l  t h e  J X  index reaches 
16 which is t h e  t o t a l  number of l a y e r s  of  t u r n s  i n  t h e  radi 
d i r e c t i o n .  This  completes t h e  c a l c u l a t i o n  o f  t h e  H f i e l d  o f  
one c o i l ,  The c a l c u l a t i o n  o f  t h e  H f i e l d  induced by 
the  second c o i l  of t he  H e l m h c a l t z  p a i r  is implemented ly witching the Ws 
IUP t o  I U P + l ,  t h a t  i s  changing AAZ t o  -.39382017 m, Thgs 
c a l c u l a t i o n  proceeds through t h e  loop #11 e x a c t l y  t h e  s a m e  
May a s  the  one f o r  t h e  first c o i l .  
The main program then swi tches  t o  t h e  next  p o i n t  i n  t h e  
z - d i r e c t i o n  i n  which t h e  H f i e l d  is r e q u i r e d ,  by i n c r e a s i n g  
the  K-index by one, c a l c u l a t e s  t h e  H-f ie ld  by us ing  t h e  MAGFLD 
subrou t ine ,  then swi tches  t o  t h e  next  p o i n t  i n  the z d i r e c t i o n  
and so on u n t i l  t h e  l as t  po in t  s p e c i f i e d  by t h e  index  KZ i s  
reached. A f t e r  t h i s  t h e  main program swi tches  t o  t h e  next  
po in t  i n  t h e  y d i r e c t i o n  by i n c r e a s i n g  t h e  J index by one, and 
runs through a l l  J i n d i c e s  s i m i l a r  t o  t h e  K i n d i c e s ,  then  and 
f i n a l l y  does the same i n  t h e  x d i r e c t i o n  by running through 
a l l  p o i n t s  by swi tch ing  t h e  I i n d i c e s ,  
The r e s u l t i n g  C a r t e s i a n  components AHX, AHY, and AHZ o f  
t h e  H-f ie ld ,  a r e  s t o r e d  on t ape ,  ready t o  use  i n  Sec t ion  2,  
and a r e  a l s o  p r i n t e d  i n  t h e  A ,  B and C m a t r i x  form. 
I n  a d d i t i o n  t o  t h e  above desc r ibed  programs a s i m p l i f i e d  
MAGFLD subrou t ine  was devised,  
This  s i m p l i f i e d  MAGFLD subrou t ine  lumps t h r e e  t u r n s  i n  
the  z a x i a l  d i r e c t i o n  and 4 t u r n s  i n  the  x,  r a d i a l d i r e c t i o n  
i n t o  one t u r n ,  p l a c e d . i n  t h e  geometr ic  c e n t e r  of the lumped 
12  tu rns .  Of course ,  t h e  AMP c u r r e n t  va lue  of  t h i s  imaginary 
t u r n  i s  1 2  t i m e s t h e  AMP va lue  of t h e  o r i g i n a l  MAGFLD subrout ine .  
O t h e r w i s e  t h e  s i m p l i f i e d  MAGFLD s u b r o u t i n e . i s  t h e  s a m e  as t h e  
o r i g i n a l ,  Due t o  t h e  lumping of 12 t u r n s  i n t o  one, t h e  computer 
time i s  reduced byaone decade a r d e r ,  and t h i s  r e d u c t i o n  w a s  
t h e  reason  f o r  w r i t i n g  the  s i m p l i f i e d  MAGFLD subrou t ine ,  It  
was es t imated  t h a t  t h e  s i m p l i f i e d  sub rou t ine  s t i l l  w i l l  provide 
s u f f i c i e n t  accuracy i n  t h e  i n v e s t i g a t e d  case.  Both v e r s i o n s  
were run,  and t h e  r e s u l t s  compared, The d i f f e r e n c e  w a s  n e g l i -  
g i b l e ,  t h e r e f o r e ,  t h e  s i m p l i f i e d  Subrout ine w a s  used i n  t h i s  
work. 
I n  o r d e r  t o  f a c i l i t a t e  t h e  understanding o f  t h e s e  programs, 
a L i s t  of Symbols i s  a t t a c h e d ,  
28 
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HELMHOLTZ FIELD CALCULATOR 
SYMBOLS 
A matrix for the x-coordinates of points where the 
field is calculated; meter 
AH matrix for the resultant field strength of the 
desired point; ampex&urn/meter 
AHX matrix for the x-component of the resultant field: 
ampere turn/me ter 
AHY matrix for the y-component of the resultant field; 
ampereturn/meter 
AHZ matrix for the z-component of the resultant field; 
ampereturn/meter 
AMP current in coil; amperes 
B matrix for y-coordinates tif points where field is 
calculated; meter 
C matrix for z-coordinates of points where field is 
calculated; meter 
DELTAX x, y ,  z directional increments for generating points; 
DELTAY meter 
DELTAZ 
I 
J 
K 
KX 
indices for a three-dimensional index of points; 
numeric 
1 
I 
rrumber of x coordinate values for points generated; 
numeric 
KY number of y coordinate values for points generated; 
numeric 
KZ number of z coordinate values for points generated; 
numeric 
SEG number of segments per turn; numeric 
SWI an index for separating four different configurations 
of points; numeric 
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SUBROUTINE MAGFLD 
SYiYBOLS 
h a l f  a x i a l  d i s t a n c e  of t h e  two He lmho l t z -co i l s :  
meter 
AAZ 
AMP c o i l  c u r r e n t ;  amperes 
AZ z d i r e c t i o n  r e f e r e n c e  f o r  c o i l s  
A 
B 
C 
e c c e n t r i c i t i e s ;  meter 
r e s u l t a n t  f i e l d  s t r e n g t h  i n  ampturn/ m e t e r  H 
x component of f i e l d  s t r e n g t h ;  ampturn/meter NX 
y component of  f i e l d  s t r e n g t h ;  ampturn/meter HY 
z component o f  f i e l d  s t r e n g t h ;  arnpturn/meter WZ 
I index f o r  segments 
index f o r  s e p a r a t i n g  c a l c u l a t i o n s  f o r  t h e  two 
c o i l  h a l v e s  
IUP 
index  f o r  t u r n s  i n  t h e  x d i r e c t i o n  3x 
JZ 
K 
KI 
PISEG 
R 
index  f o r  t u r n s  i n  the z d i r e c t i o n  
number of  segments/turn; numeric 
number of  p o i n t s  d e f i n i n g  a t u r n ;  numeric 
3.1415927 / segments 
d i s t a n c e  from midpoint o f  segment t o  t h e  p o i n t  
o f  which the f i e l d  i s  c a l c u l a t e d ;  meter 
RAD r a d i u s  of  a t u r n  o f  the Helmholtz-coil :  m e t e r  
SEG number of  segments/turn; numeric 
normalized component v a l u e s  o f  t h e  computed f i e l d  
s t r e n g t h  w i t h  r e s p e c t  t o  t h e  c u r r e n t ,  ampturn/meter 
induced by 1 ampere c u r r e n t  i n  t h e  conductors.  
ux 
UY 
UZ 
arrays for end points  o f  l i n e  segments approximating 
a s i n g l e  turn. 
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S e c t i o n  I1 o f  t h e  Computer Program 
The second s e c t i o n  of t h e  computer program c a l c u l a t e s  t h e  
s c a l a r  magnetic p o t e n t i a l ,  (0, and t h e  r e l a t i v e  pe rmeab i l i t y ,  p, 
i n  a series of p o i n t s  i n  tho magnetic material  which i s  placed 
c e  i n  which the  H - f i e l d  i n  empty space was c a l c u l a t e d  
i n  Sec t ion  I. 
The symbol used f o r  fp i s  PHI and t h e  one used f o r  ~1 rela- 
t i v e  i’s WR. 
f o r  Sec t ion  I1 i s  c a l l e d  OLE PROGRAM, 
re  t h r e e  sub rou t ines  w i t h i  e main pro- 
g r a m 9  Ing the  scalar e t i c  poten- 
t i a l  PHI, sub rou t ine  HCAL c a l c u l a t i n g  t h e  t h r e e  C a r t e s i a n  
compo~@nts  o f  t h e  m . m , f .  g r a d i e n t ,  H i n  t h e  p o i n t s  where PHICAL 
c a l c u l a t e d  PHI, and t h e  sub rou t ine  PERM c a l c u l a t t n g  t h e  r e l a t i v e  
permeabi l i ty ,  UR, i n  t h e  ame p o i n t s ,  by r ead ing  t h e  v a l u e s  o f  
UR a g a i n s t  t h e  va lues  o f  , from t h e  permeabi l i ty -curve  o f  t h e  
material and g iven  by t e s t .  
The DIPOLE PROG AM reads and p r i n t s  t h e  maxi m number I P ,  
JP, KP of p o i n t s  in t h e  magnetic material and ad jacen t  t o  i t  in 
which  p o i n t s  t he  H f i e l d  i s  t o  be c a l c u l a t e d ,  reads LIMIT, t h e  
xirnum number o f  i t e r a t i o n s  allowed, EPSI, t h e  accuracy- l imi t  
f o r  t he  r e l a t i v e  pe rmeab i l i t y ,  ITOT, t h e  number of p o i n t s  on t h e  
pe rmeab i l i t y  curve ,  VQL, t h e  t o t a l  volume of t h e  ferro-magnet ic  
m e t e r i a l ,  TOIL, a s m a l l  number used t o  check i f  the  de te rminant  
i s  n o t  zero.  Then i t  r e a d s  from the  tape-output  of Sec t ion  I 
t h e  coord ina te s  X(I,J,K), Y ( I , J , K ) ,  Z(I,J,K) and t h e  Car t e s i an  
component va lues  AIIX, Am, and ANZ o f  the m . m , f .  g r a d i e n t  H 
c a l c u l a t e d  i n  t h e  x ,  y e  2; p o i n t s  by t h e  HELMNOLTZ FIELD CAWULA- 
TOR i n  Sec t ion  I, a l s o  from t h e  s to rage - t ape  r e s u l t i n g  from 
Sec t ion  I. 
Then a r b i t r a r y  s t a r t i n g  va lues  o f  t h e  pe rmeab i l i t y  are set 
up i n  a m a t r i x  URl(I.3.K) and t h e  pe rmeab i l i t y  curve  i s  read  i n  
mat r ix  form, HUR(I,J). 
The LIM is s e t  t o  1, A l l  r e q u i r e d  v a l u e s  are read and 
e t  up by then ,  and subrou t ine  PHICAL i s  c a l l e d .  
Subrout ine PHICAL 
Subrout ine P~ICAL i s  t h e  backbone of t h e  whole program, and 
i t  c a l c u l a t e s  t h e  magnetic s c a l a r  p o t e n t i a l  i n  s p e c i f i e d  p o i n t s  
i n  t h e  magnetic material where d i p o l e  moments are induced by t h e  
e l ec t r i c  c u r r e n t s  cons idered  i n  Sec t ion  1 of t h e  p r o g r ~ m .  It 
does t h i s  by set t ing up t h e  equat ions  (099-20)  and s o l v i n g  them 
by a matr ix  inve r s ion .  
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In PHICAL, a point, m, is spccified by the indices, I,J,K 
of its three Cartesian coordinates, and a point, n, is specified 
by the indices, L,M,N of ita three Cartesian coordinates. Before 
the starting values of these indices are specified, the form of 
a two-dimensional matrix, AMA(1.J) is set up. This matrix will 
be the matrix of the set of equations for Che magnetic scalar 
potential. The 1's and J's in this matrix are the indices of 
its rows and columns respectively. Between Steps #1 and #3, 
both the rows and columns are set up for the total number of 
points ITP, in the magnetic material. 
The computer can handle only finite changes, whereas the 
change in permeability is step-wise at the boundary between the 
ferromagnetic material and air. T h i s  difficulty is avoided by 
setting two layers of points in air enveloping the ferromagnetic 
material, The permeability is set equal to one in these points, 
This is done in the computer program by specifying one more 
paint in each of the x,y, and z directions on each side of the 
material, that is a total of two more points included in IP, JP, 
KP, along each line of points. This makes the total number of 
points in the ferromagnetic material AITP = (IF - 2)(JP - 2)(KF-2), 
The volume, VM, of an element, that I s  the volume centered 
on an m point is either inserted directly or calculated before 
Step #3,  If the magnetic material is in a shape of a parallel- 
epiped, then one volume element is the total volume VOL of the 
- Y(2,2,2))8 (2 IX(IP-* IP-2, JP-2,KP-2) -2(2,2,2)) divided by the total parallelepiped 
number of volume elements ITPI x (IP - 2)3K(JP - 2)8(KP - 2), 
JP-2, KP-2) - X(2,2,2))*(Y(IP-2,Jl?-2,KP-2) 
The number of points in the three directions can be diffe- 
rent IP, JP, KP and ao can be their separation, given as DELTAX, 
DELTAY, DELTA2 in the Helmholtz calculator. Therefore, this 
program can be used for all type of parallelepipeds. For other 
geometries, only the generation of points and the calculation of 
VM is to be changed. 
The geometry is shown in Fig, 5, p. 71. 
After the base volume VM is calculated, the first point, n, 
is selected by setting its indices L,M,N to 2, In each direction 
the first point (Ld, or M=l, or N=l) is in air. The first point 
in iron is the second point in this direction, and this is the 
reason why the starting indices, L,M,N, are set to 2, 
The value of the relative permeability for air is UR = 1. 
Thirs is used if the test of the indices between the entry #22 
and #5 proves the point being in air, 
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The par t ia l  der iva t ives  
of the permeability, UR a re  calculated i n  the  x,y,e d i rec t ion  
next, ( a f t e r  s t e p 5  1 nd a l so  the p a r t i a l  der iva t ives  
the x,y,z componen~ of H(be~ore  tep  6 ) ,  The prcsper values of 
pyained above , 
i n  a i r  a re  set i n  by t e s t i n g  the indices  L,M,N and as ex- 
Now the indices  I , J , K  of oink m a re  set t o  t h e i r  
s t a r t i n g  value (2,2,2) and comp d w i t h  the indices  L,M,N o f  
the point n, between s teps  6 and 7. As shown in the deserip- 
t i on  of the mathematics, m=n must be excluded, T h i s  i s  the 
case i f  a l l  three indices  I,J,K a r e  the same as L,M,N respectively,  
I n  t h i s  case the program goes t o  step17, increases  first K by 1, 
t e s t s  i t  against  th KP and i f  i t  i s  l e s s  than KP, re- 
t u ~ n s  t o  be~ween st  7(  v i a  18, If the increased value 
of K is  begger %Plan J i s  increased and tes ted ,  and the 
t o  the r e s u l t  of K, A s i m i l a r  procedure 
follows f o r  I a  
When the indice and accepted at s t e p  #7, 
then %he d i f f e r e n c ~ ~  e coordinate of  points  n 
and m a re  calculated,  and f r o m  them the dis tance R between the 
point n and m, 
As soon as R i s  avai lable ,  the C constants a r e  calculated 
between s teps  7 and 13. 
At t h i s  point a t ransfor  ation of the indices  i s  required. 
T h i s  is necessary because i n  f e m a t r i x  of the system of equa- 
t ions  f o r  the gnet ic  s c a l  t i a l  the ~ i m e n s i o n ~ l i t y  i s
t w o .  
e subsc r ip t  for a point (L,M,l) o r  (I,J,K) 
t o  et s ing le  subscr ipt  f o r  the f i n a l  array. 
Recall that  L,M,N a n, of the same region as 
the points,  m, denoted by I , J ,  ,N corresponding t o  a 
point n, denotes a r o w  of while I , J , K  corresponding 
t o  a point rn, denotes a eo f the matrix, 
A simple addition, L+M+N would not y i e ld  a s ingle  valued 
subscr ipt  because i t  would r e s u l t  the same subscr ipt  f o r  s i x  
points,  e a g .  1+2+3 = @+l+3 s 3+1+2 = 3+2+l P l+3+2 P 2+3+l. 
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Therefore, M i s  multiplied by the g rea t e s t  N which i s  the 
same as the g rea t e s t  K and is  KP. It follows tha t  the second 
term of the sum i o  always l a rge r  than and never can be the same 
as the t h i r d  one, 
Similarly, L i s  multiplied by the g rea t e s t  N, which is 
K P  and the r e s u l t  i s  fu r the r  multiplied by the g rea t e s t  M, which 
i s  J P ,  the same as the g rea t e s t  J. It follows tha t  the f i r a t  
term of the sum is  always larger than the  th i rd  and second and 
never ‘can be the same. 
The inversion formula  r e su l t i ng  i n  a new and single  sub- 
s c r i p t  i s  then 
I A  JP*KP*L + KPoM + N 
The smallest value of L,M and N i s  1, t h e i r  l a rges t  value 
I P ,  J P ,  K P  respectively,  
This i s  done before s t ep  10. 
A t  s t e p  10, the calculat ion o f  the terms of the m a t r i x  
f o r  the magnetic s c a l a r  po ten t ia l  begins, 
The block aft;er s t e p  10 is the s t a r t i n g  term B of a row 
of  the matrix.  This term is the f i r s t  pa r t  of equ. 097-20 the 
term independent of PHI.  
Then the ca lcu la t ion  of the term A M ( I , J , K )  followa. 
Now a pa r t  DUM of a matrix berm i s  Calculated and tempo- 
r a r i l y  stored. Then another index-transformation is  made t o  
have the index J A  denoting the column of  the matrix. This index- 
transformation i s  similar t o  the transformation r e su l t i ng  in 
the index I A  and described above. 
The values of the matrix-terms i n  a column, J A  are then 
calculated between s teps  12 and 17, and stored in the matrix 
AMA( IA, JA) . 
The indices  J A  cannot be zero or negative. Therefore, the 
program t e s t s  the indices  J A ,  and skips the addi t ion of a DUM 
whenever J A  < 1 o r  J A  7 ITP, 
The summation by which the mul t ip l ie rs  of each PHI are  b u i l t  
i s  performed not first f o r  one mult ipl ier ,  then for the next and 
so on, but i n  a mlxed fashion by which computer-time is  saved. 
After  a l l  terms f o r  various indices  J A  a r e  evaluated, a t  
s t e p  17, the program increases  the I, o r  J, or K index by 1 un- 
less the maximum number KP-1,  JP-1, and IP-1 i s  reached and 
returns  v i a  18, 19, 20 and 22,23,24 t o  a f t e r  s t e p  6, t o  continue 
the ca lcu la t ion  of other  terms of the  AMA matrix.  
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The permeability curve .is given i n  a tabulated f o r m ,  HUR, 
which i s  a t w o  column mat r ix .  
The f i r s t  HN(I,J,K) w i t h  I = 2, J = 2, K = 2 is  tes ted  
against  the first value H U R ( 1 , l )  of H i n  the INR matrix, If i t  
i s  smaller, then the permeability UR2(I,J,K) i s  taken as the 
permeability HUR(1,2) corresponding t o  H E. HUR(1,2)  and stored. 
If H N ( 1 , J . K )  i s  bigger then the f i r s t  p value H U R ( I A , l )  i n  the 
HUR mat r ix ,  then the comparison is  car r ied  through w i t h  the next 
H value i n  the HUR matrix and so on u n t i l  HN(I,J,K) proves t o  be 
smaller or equal t o  an HUR(IA,l) value. I n  the l a t te r  case, th.e 
permeability f o r  HN(L,J,K) i s  taken as the ari thmetic mean of  
the permeability f o r  t h i s  H U R ( I A , l )  and f o r  the previous H U R ( I A - 1 , l )  
value of the m . m , f ,  gradient H, see block between s t e p  3 and 80 
Then the next H value WN(I,J,K = X + 1) 4s taken, e tc .  u n t i l  
a l l  X-a are  used, then the same f o l l o w s  with the J-s and f i n a l l y  
with the 1-8. 
Then the program returns  to the  main DIPOLE PROGRAM at 
s t ep  6, the indices L,J,K a re  r e se t  t o  t h e i r  f irst  value which i s  
2 f o r  each of  them, and $he new permeability U R 2 ( I , J , K )  is t es ted  
against  the old one URl(I,J,K), If t h e i r  difference is  bigger 
than EPSI unifs ,  then tho  new permeability UR2 is  adopted, a f t e r  
s t e p  7. Then o r  when the difference between the new and old 
permeability is smaller khan EPSI, the next point i s  taken by 
increasing the index K by 1, the permeability at t h i s  point i s  
tes ted  as i t  W a s  a t  the previous point ,  and so on u n t i l  a l l  K,J 
and I indexes are  used. 
Then tbe DIPOLE PROGRAM is i t e r a t e d  with the new values 
of the permeability, UR1 = UR2, u n t i l  e i t h e r  the difference 
between consecutive values of permeability becomes l e s s  than 
EPSI o r  the LIMIT of  the number of i t e r a t i o n s  is reached. 
At t h i s  point the Cartesian components HNX, HNY, and 
of H are  accepted and printed. 
Thier completes the calculat ion of the H-field ins ide  
magne t i c  body , 
HNZ 
the 
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D I P O L E  PROGRAM 
SYMBOLS 
matr ices  f o r  x , y , z  components of t h e  f i e l d  s t r e n g t h  
a t  p o i n t s  i n s i d e  t h e  magnetic material assuming 
r e l a t i v e  pe rmeab i l i t y  of u n i t y ;  ampereturn p e r  m e t e r  
AH 
AH 
AH 
mat r ix  of  volume c o n s t a n t s  AM 
AMA system mat r ix  f o r  t h e  magnetic s c a l a r  p o t e n t i a l s  i n  
magnetic m a t e r i a l  
t h e  terms independent o f  PHI i n  the  equat ions .  A f t e r  
t h e  mat r ix  i n v e r s i o n ,  t he  va lues  of  PHI appear  as B-s 
B 
t 
"1 numeric va lue  of t h e  determinant  of  t h e  system mat r ix ;  
nu me r i  c 
DET 
EPSI 
HC AL 
l i m i t  f o r  pe rmeab i l i t y  accuracy;  p e r  u n i t  
sub rou t ine  f o r  computing t h e  H f i e l d  from t h e  s c a l a r  
p o t e n t i a l s  
mat r ix  o f  t h e  H f i e l d  va lues  i n  t h e  magnetic mater ia l ;  
ampereturn pes  meter 
HN 
HNX matr ix  of t h e  x-component o f  t h e  HN va lues ;  ampereturn 
p e r  meter 
HNY mat r ix  of t h e  y-component of  t h e  HN va lues ;  ampereturn 
p e r  meter 
HNZ mat r ix  of t h e  z-component of t h e  HN v a l u e s ;  ampereturn 
p e r  meter 
HUR mat r ix  € o r  d e f i n i n g  t h e  r e l a t i v e  pe rmeab i l i t y  curve;  
nu me ri c 
index  f o r  t h e  x c o n s t a n t s ;  numeric I 
I P  l i m i t  f o r  t h e  x coord ina te  index  o f  p o i n t s  i n  t h e  
magnetic m a t e r i a l :  numeric 
ITP 
ITOT 
J 
JP 
number of p o i n t s  i n  the magnetic m a t e r i a l ;  numeric 
number of p o i n t s  on t h e  pe rmeab i l i t y  curve;  numeric 
index  f o r  the y-coord ina tes ;  numeric 
l i m i t  f o r  t h e  y coord ina te  index  o f  p o i n t s  i n  t h e  
magnetic m a t e r i a l ;  numeric 
i 
3 
K 
KP 
LIMIT 
PERM 
PHI 
PHICAL 
TOL 
UR1 
UR2 
"3 Z 
index for the z-coordinates: numeric 
limit for the z-coordinate index of points in the 
magnetic material; numeric 
maximum number of the iterations for testing the 
permeabilities 
subroutine for computing the new relative permea- 
bilities from the last computed €1 field 
solution-value for the magnetic scalar potentials 
at each point in the magnetic material; Ampere-turns 
.. - 
subroutine for computing the magnetic scalar potentials 
a small number to eliminate DET= 0 cases which can not 
be solved: numeric 
matrix of assumed relative permeabilities; numeric 
matrix of the new computed relative permeabilities; 
numeric 
matrices for the x , y ,  and z coordinates of points in 
the magnetic material; meter 
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SUBROUTINE P H I C A L  
AfIX 
AHXX 
AHY 
AHYY 
AH2 
A H 2 2  
AM 
AMA 
B 
CMNIJ  
CMNIK 
CMNIX 
CMNIXX 
CMNIY 
C M N I W  
SYMBOLS 
matr ix  f o r  the H f i e l d  i n  the magnetic f i e l d  i n  the 
x-direction assuming p =l; ampereturn per meter r 
p a r t i a l  der iva t ive  of AHX i n  the x d i rec t ion  
m a t r i x  f o r  the H f i e l d  i n  the magnetic f i e l d  i n  the 
y d i rec t ion  assuming u r l ;  ampereturn per meter r 
p a r t i a l  der iva t ive  of the AHY i n  the y d i r ec t ion  
matrix f o r  the H f i e l d  i n  the magnetic f i e l d  i n  the 
z d i rec t ion  assuming pr=l ;  ampereturn per meter 
p a r t i a l  der iva t ive  of the AHZ i n  the z d i rec t ion  
volume constant matrix 
matrix f o r  the system of magnetic s c a l a r  po ten t i a l  
equations 
the terms independent of PHI i n  the equation. 
the matrix inversion the values of PHI" appear 
cos ( irm) ;s c o s ( j r )  = CMNJX = CMNIY = iL - -  
2 
 
a x  r 2 m n  3' r 
cos(kr)  
2 
h ,cos_i. =L. 
r 2 A X  
= CMNKX = CMNIZ = 
r a z  
= =\ CMNIX . a x  
- L  cos( jr) 
2 - a x  r 
- -  a CMNIY - a y  
After 
i n  B, 
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CMNIZ 
CMNIZZ 
CMNJK 
CMNJY 
CMNJXX 
CMNJYY 
CMNJZZ 
CMNKZ 
CMNKXX 
CMNKYY 
CMNKZZ 
DET 
DUM 
IA 
IP 
ITP 
L cos (kr) 
2 r a x  
- il CMNIZ 
a z  
2 cos(kr) 
2 
Lcoso - -   
r 2 ;sY 
CMNKY = CMNJZ = 
a Z  r 
2- cos( jr) 
2 r AY 
_. a CMNJX 
ax 
?!- CMNJY 
3Y 
c a CMNJZ 
a z  
a cos(kr) _. 
2 r a z  
h.- CMNKX 
73X 
- a CMNKY 
a Y  
&- CMNKZ 
b z  
determinant value; numeric 
temporary storage area 
a single valued index equivalent to a 3 character 
index. This new index denotes a yow of a matrix; 
numeric 
number of the x coordinate values of points; numeric 
total number of points in magnetic material; numeric 
ITPl number. of volume elements; numeric 
JA a single valued index equivalent to a 3 character 
index. This new index denotes a column of a 
matrix; numeric 
JP number of the y coordinate values of points; numeric 
KP number of the z coordinate values of points; numeric 
indices of the x , y , z  coordinates of a point m. These 
indices are used to select the remaining points after 
numeric 
indices of the x,y,z coordinates of a point, m. These 
indices are used for selecting one point, n, to sum up 
dipole effects from all other points in the magnetic 
material; numeric 
K removal of a point, n, selected by L,M,N indices; :I 
MINV subroutine for solving sets of simultaneous linear 
equations 
UR relative permeability matrix; numeric 
_. a UR 
AX 
URX 
URY 
" U R  a z  UHZ 
VM volume of an element associated with a point 
X matrix for the x coordinates of points; meter 
XR x component of the distance between two points, m and 
n; meter 
Y matrix for the y coordinates of points; meter 
YR y component o f  the distance between two points, m and 
n; meter 
Z matrix for the z coordinates of points; meter 
ZR z component of the distance between two points, m and 
n: meter 
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SUBROUTINE HCAL 
SYMBOLS / 
matr ix  f o r  t h e  I1 f i e l d  i n  a magnetic m a t e r i a l ;  
ampereturn pe r  meter 
mat r ices  f o r  t he  x , y , z  components of HN; arnpereturn 
p e r  meter 
number o f  t he  x coord ina te s ;  numeric 
number of the  y coord ina te s ;  nutneric 
number of t he  z coord ina te s ;  numeric 
mat r ix  o f  t he  s c a l a r  magnetic p o t e n t i a l s ;  Ampere-turns 
mat r ix  of the  x coord ina te s  of  p o i n t s ;  meter 
mat r ix  of t h e  y coord ina te s  o f  p o i n t s ;  meter 
mat r ix  of the  z coord ina te s  of p o i n t s ;  meter 
new i n d i c e s  used t o  h e l p  form f i n i t e  d i f f e r e n c e s ;  
nu me r i  c 
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HN 
HUR 
I A  
I P  
I T O T  
J P  
K P  
TJH 2 
SUBROUTINE PERM 
SYMBOLS 
m a t r i x  f o r  t h e  H f i e l d ;  ampereturn p e r  m e t e r  
table  of  t h e  H va lues ;  ampereturn p e r  meter VS 
r e l a t i v e  p e r m e a b i l i t i e s  d e f i n i n g  t h e  magnetizing 
curve;  numeric 
index of  t h e  HUR mat r ix  
number of t he  x coord ina te  va lues  of  j o i n t s ;  numeric 
number of t h e  rows of HUH ( p o i n t s  on t h e  pe rmeab i l i t y  
curve)  
number of t h e  y coord ina te  va lues  of p o i n t s ;  numeric 
number of t h e  z coord ina te  va lues  of  p o i n t s ;  numeric 
mat r ix  f o r  t he  new computed r e l a t i v e  p e r m e a b i l i t i e s ;  
nu me ri c 
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Section I11 of the Computer Program 
This section called MAGFIA-PROGRAM calculates the H-field 
An the space outside the magnetic body, after the field inside 
the magnetic body was calculated in Section 11, 
This calculation is quite similar to the calculation in 
Section I, except that here the field is produced not only by 
currents but b J p  dipoles as well. However, the complexities of 
Section 11 are missing because the relative permeability is 
unity in this field. 
Tho MAGFIA PROGRAM is nothing else, but the calculation of 
per equation (099-lx, ly,lz) (046-1) of the mathematics, then % n 
0 
' ad&ine; 3.6 to tbe Hn-s resulting from Section I, the MAGFLD 
program if this is required, This is done in the block between 
steps #3 and #4. Of course, one can have only the field of the 
dipoles if the H -8 are not added. This is done by making the 
values of AHXl = HAX = 0 ,  A I X 1  = HAY = 0 ,  AH21 P HA2 = 0, before 
s t e p  #1. Calculating only the dipole field has merit if the 
dipole field is a very small part of the total, The investigated 
case of the test samples as described in this report showed a 
dipole field five decade orders smaller than the field of the 
current, in some instances. Truncation errors would cloud this 
field in the field of currents if combined. The same is true 
for tests and special test methods were used to separate the 
values of the t w o  fields. 
0 
n 
The details of "fI, are calculated, of course, before that 
between step #1 and #3. 
The summation of the ?In-@ is done according to equ, 
(099-lx,ly,lx) and it is donu by subsequent calculation and 
addition of these terms as controlled between step #4 & #8, 
The results are the Cartesian components HAX, HAY, HA2 
of the m.m.f, gradient HA. 
The total HA of the m.m.f. gradient outsise the magnetic 
body is calculated as the square root of the total of the squares 
of the three Cartesian components HAX, HAY, HAZ at step #8. 
These components and the totals are printed at the last step 
before #9. 
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SUBROUTINE MAGFIA 
SYMBOLS 
magnetomotive force gradient in air at points XA, 
YA, ZA outside the magnetic material induced by the 
currents of the Helmholtz coil only; ampereturn per 
meter 
Volume constants of magnetic material,, ~ 6 e '  P, 49 
a cos(jr) 
2 CMNJX = CMNIY = - > X  r 
cos(kr) 
2 CMNKX = CMNIZ = r 
4 cos(ir) 
ax 2 r 
2 cos(jr) = CMNKY = CMNJZ = - 
aY 2 r 
I_ 1 cos(& 
2 r 2Y 
h cos(kr) 
3 2  2 
_I 
r 
HA t o t a l  resultant magnetomotive force gradient; 
ampereturn per meter 
x, y, z components of resultant magnetomotive 
force gradient; ampereturn per meter 
BA Z 
x, y, z components of the magnetomotive force 
gradient at points inside the magnetic material; 
ampereturn per meter. 
number of points in the magnetic material in the 
x direction; numeric 
IP 
J P  number of points in the magnetic material in the 
y direction; numeric 
66 
KP number of points in the magnetic material in the 
z direction; numeric 
R distance from a point inside the magnetic material 
to a point outside the magnetic material; meter 
coordinate of a point outside the magnetic material; 
meter 
E) ZA 
coordinate of a point inside the magnetic material; 
x ,  y ,  z components of the distance from a point inside 
the magnetic material to a point outside the magnetic 
ZR material; meter 
VI TEST 
V I  Test  
1 
Samples of magnetic ma te r i  
and geometries were t o  be placed i n  a known magnetic f i e l d ,  
The maRnetic f i e l d ' m o d i f i e d  due t o  the presence of the samples 
was t o  be measured a t  s eve ra l  poinBs a t  which i t  was ca l cu la t ed  
by computer too,  The r e s u l t s  of tes ts  were t o  be compared 
w i t h  the  computer output.  
Apollo-Helmholtz Coi l -Pair  
The samples were placed i n  t h e  geometr ical  c e n t e r  
of the Apollo-Helmholtz c o i l - p a i r  a v a i l a b l e  a t  Ames Research 
cen te r  . 
Each c o i l  of the c o i l - p a i r  i s  wound of 240 t u rns  of  
22 AWG copper wire ,  1s t u r n s  i n  ea'ch of the 16 l a y e r s  per  c o i l .  
The dimensions a r e  shown i n  Figure 4. 
8,688 t o  R,72 amperes e l e c t r l c  c u r r e n t  was s p e c i f i e d  
i n  the c o i l  conductor, 
The geometry of the Samples 
The samples t o  be t e s t e d  and. the sequence of t e s t s  
were as follows, 
1,) Cube 0.025&1 x 0.02541 x 0.02541 
2,) Para l la lep ipedon .02528 x O . O Z 5 4 l  x 0.05081 
3")  I f  It 0.02542 x 0.02540 x 0.1016 
4.) Squzttce r o d  0,02536 x 0 *O 2542 
5*)  Round r o d  0,02541 x 0.05087 
It It O.0254O d i a  x O , l O 1 6  
11 11 0,02544 x 0.2032 
6 0 )  
7* )  8.1 11 1 )  0,02536 x 0,3810 
The l o c a t i o n  of t h e  samples r e l a t i v e  t o  the  Apollo- 
Helmholtz c o i l - p a i r  i s  shown i n  F igure  5 ,  
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The materials of the samples 
KOVAR was chosen as the materfal for the samples, 
because this type of material is used in the spacecraft to 
be investigated, 
Data 'received Tram the Westin&ouse Electric corporation indicated 
a permeability curve as shown in Figure 6 ,  
The scarcity of the data available pointed to the 
necessity of a permeability test, NASA sent samples of the 
XOVAR to be used to the National Bureau of Standards, Washington, 
D, C, for sach a test, The test results agreed with the curve 
of Figure 6, and this curve was used in the calaulations. 
Ver, little information was available for KOVAR, 
Te st-re sult s 
The tests were performed by NASA persannel in the 
Magnetic Laboratory at Ames Research Center, California, 
The magnetic flux density was measured at several 
points along the z-axis and the x-axis witlz Sample #1, the 
Kovar-cube, 
The magnetic flux density was measured at several 
points along the z-axis with the other samples, Fig, 7 shows 
t h e  results, 
Field in air only 
The field in air only was measured during the tests 
Table I. shows the results and the difference between 
and calcuaftted on an IBM 360/50 computer, 
test and calculation, The greatest difference is 3.29%. The 
difference increses with the distance from the center, and this 
phenomenon may be due to two causes. 
1,) The coordinates of points were computed by 
starting from a poiht and adding the distance between two 
consecutive points, This process has truncation errors 
adding w i t h  the distance, The net result i s  an apparent slant 
of the axis, along which the calculation proceeded, and so an 
increasing difference of the magnetic field with the distance, 
2,) A physical slant of the axis could have been 
present at the teat, because the magnetometer was traveling 
on rails, suspendetlas cantilevers in the centem. The weight 
of the ma€petC'm!ter could have caused a deflection of the 
cantilever-beam, 
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Table I. 
Magnetomotive force gradient H, of the Apollo-Helmholtz 
coil-pair. 
1.) Axial scan, along the z-axis 
x=a, y e  
z, meters H, Amperturn/m Difference 
from center from test from calculation Ampt/m % 
1993 2002 +9 +O 4-5 
1993 2000 +7 +o 035 
1955 19 70 +15 w.75 
1872 1885 +13 +O , 69 
1738 1745 -7 -0 a 4 0  
1572 1555 -17 -1.09 
1380 1351, -30 -2.22 
2,) Radial scan, along the x-axis 
y=o, z=o 
x,meters 
from center 
0 
0.2 
0.3 
0.4 0.5 
0.55 
0.6 
0.65 
O a 7  
Hx Amperturn/m 
from test from calculation 
1995 
1995 
1972 
1935 
20 02 
2000.5 
1978 
190 5 
1746 
1605 
1223 
1421 
978 948 
Difference 
Amp t /m k 
4.7 +o e 3 5  G.5 +o .28 
+6 +O a 3 0  
-30 -1.58 
-11 -0063 
-10 -0 0 63 
-6 -0 
-3 1 -2. 
-30 -3,16 
Test remlts in gauss were multiplied by 79,579 to have 
Amperturns/me ter , 
Field of Kovar-samp%es 
Only a very small distortion of the field in the 
order of the fourth to sixth decimal ocoured when the Kovar 
samples were introduced, 
A reasonabbe accuracy of the tests were achieved by 
measuring not the absolute field but only the difference, 
that is the distortion, This was achieved by setting the 
magnetometer to zero in the full air-field before the Kovar- 
sample was introduced. 
Similarly, the calculation was made only for the 
difference, by setting HAX, HAY and HAZ to zero in Section 
i” 
“ 1  
t 
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111, the MAGFIA-program, 
Successf'ul test and calculation was performed for 
a cube, a shor t  cylinder and a sphere, The results are 
shown on Figure 8, 9 and 10. 
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VI1 6 EVALUATION OF THE COMPUTERIZED CALCULATION 
Section I and I11 
It was established beyond doubt that Section I, and 
I11 is valid and works perfectly. This means that the magnetic 
field in air, induced either by a current system or by a 
magnetized body can be calculated with a tzery high accuracy 
if the current-system and the magnetization of the body is 
known. 
Section TI 
The same can not be said of Section I1 yet, 
Section I1 can be evaluated qualitatively and 
quantitatively. 
Qualitatively, good results were achieved. 
For instance, the flux-lines of the m.m,f. gradient, 
H are diverging from the sample towards the air, as they should 
be 
m e  m,m,f. gradient shows not only a decreasing trend 
with increasing distance from the sample, but also the ratio 
of the decrease is in agreement with the tests. In other words, 
the trend of curves showing the m.m.f. gradient, H, as a function 
of the distance from the sample agrees with the test, see 
Flguras 8, 9 and 10. 
good agreement of calculation and test, but not good enough. 
Qualitatively, Figures 8, 9 and 10 show also a faf;+ly 
Section I1 needs corrections also because it seems not 
to work well if the field of the current system is uniform and 
parallel, In such a case, and this was the case in all examples 
considered, the directional partial differentials of the relative 
permeability, and the field in air tend to go to zero. These 
are URX, URY, URZ and AHXX, AHYY, AHZZ in the PHICAL-subroutine, 
The zero value of these quantities makes B(IA)', the right side 
of the equations zero, and this makes the equations homogeneous, 
with a singular AMA matrix , which can not be solved. 
happened fast whenever a solution was attempted by taking more 
than eight points in the ferromagnetic body, and also when 
PHI was not assumed zero in the air. 
This 
The iteration process in the DIPOLE program must be 
investigated further too, It seems thatthis iteration diverges, 
and diverges very fast when more than eight points are set up 
b 
I 
r i  
3 
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t 
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in the ferromagnetic material. This divergence accelerates if 
PHI is taken not equal zero in tha air, which can be explained 
by the matrix ANA going singular as explained above. 
It seems that the best agreement with the test was 
reached by not using iteration at all, but reading the 
permeability from the permeability vg. H curve for the H 
derived from the current-system in air and using this value 
of the permeability in calculating the dipole strength of the 
ferromagnetic body. Of course, all cases investigated were 
cloae to saturation. It was proposed to investigate cases with 
less saturation, but time did not permit it. Such cases should 
be investigated very definitely, and particularly in the neigh- 
borhood of the peak of the permeability-curve. 
permeability vs. H' function, and use this function in the main 
equation, then solve them for the magnetic scalar potential. 
This would involve rather complex equations, but would dispense 
with the iteration. 
One should also try to use an equation $or the 
Though Section I1 does not work reliably and too well 
in parallel fields 2% is expected to work well in non-uniform, 
non-parallel fields, and it should be trlted in non-parallex, 
noniunifomn fields. Such an investigation will narrow down 
the region where corrections are needed. 
belm. 
Sample No. of points I I1 I11 Total 
The machine-times logged are listed in the Table I1 
Table I1 
machine-time .In minutes fo r  section 
in the for 64 pts. for for 15 pts. 
- 25.2 - - 
4 i . 
I 
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V I I E .  PROPOSITION FOR CONTINETED I N V E S T I G A T I O N  
Reference is made to the end of the pr 
listing some propositions for t h e  completion of 
work. Further propositions are as follow, 
The solution of differential equations by linearizing 
them.and using finite differences-what this work in essence 
was-has an inherent error due to taking finite differences 
instead of a continuum, 
finite differences is but a great number of finite differences 
means to have a great number of linear equations with an equally 
great number of unknowns and the solution of %his voluminous 
set of equations requires excessive cornputer-time and memory. 
The error is the less  the greater the number of the 
One hardly can speak about an optimization in this 
problem, Optimization would mean to find a balance between 
tolerable errors and computer-cost, Here the computer-time is 
increasing so rapidly and the memorg-space is outrun already 
ith ch-a s mber of 3. .t diffe ences tlpt the auestion Ys ragEer whe%% %e magnetfc%o8y shoufd be azv de3 into 2 x 2 X 2 
or 5 x 5 x 5 blocks each block representing a ''finite difference" 
the number of which is clearly inadequate for any appreciable 
accuracy for a body beyond the size of very small laboratory samples. 
Furthermore, while accuracy can be defined as the 
per u n i t  difference between the calculated and the  real value 
of the m.m.f. gradient at a point, the  value of the accuracy 
is rather dubious, unlgss the calculation is repeated several times 
each time increasing the number of finite differences, and an 
asynptotic approach. by the values of the resulting values of 
the m,m,f .  gradient can be figured out. 
-indeed useful at all if the field of a whole satellite is 
desired- a two-step extension of the work done so far is 
proposed, as follows. 
In order to make the developed process more useful, 
1,) Investigate ways and means for a better adaptation 
of the developed method for bodies of sizeable dimensions. 
One is inclined to investigate not s v  much various mathematical 
modifications but rather othsr a proaches, like the exploitation 
of symmmetries, some kind of' a 'zooming techni ue", by which 
is meant to start with a very small number of 'finite differences" 
then divide and subdivide each of those in always finer parts, 
etc, Several of such approaches look promising adnew ones 
may emerge during the work a s  it almost always happens in research. 
i 
Mathematical modifications of the devela ed method 
are not promising, simply because there are none w K ich could 
be used. This a common plague of such processes today and 
a serious limitation to the use of computers, 
The propositions made at t h e  end of Chapter v3I fall 
into this category. 
2.) Investigate the accuracy of the calctilation, and 
try to develop a process to predict how many of how fine 
"finite differences" are required to have a predefined accuracy. 
The prediction may be based on two or three computer runs w i t h  
very low number of finite differences, and 8 s  such rather 
inexpensive. Prel3minary investigation revealed certain 
regularities of the ''accuracy against number of finite differences" 
curve and this proposal is basdd on this observation, 
Undoubtedly, the step propased as the first one is more 
important in view of practical w e ,  but the second can not 
be neglected either. 
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APPENDIX I. 
THE DEVELOPMENT OF THE ANALYSIS OF THREE-DIMENSIONAL AND STATIC 
MAGNETIC FIELDS I N  THE PRESENCE O F  BODIES THE PERMEABILITY O F  
WHICH I S  A FUNCTION OF THE FIELD. 
A f t e r  s e v e r a l  f u t i l e  a t tempts  du r ing  t h e  y e a r s  of  1963-6 
i t  w a s  concluded t h a t  t h e  only fundamentally sound approach i s  
t o  s o l v e  Maxwell's equa t ions  as they apply. (086-150-225, 
March, 1966). 
The 
where no 
Maxwell-equations f o r  s t a t i c  f i e l d s  and a t  a p o i n t ,  n ,  
r e a l  c u r r e n t  i s  p re sen t  a r e  
J. 
n.Bn = 0 
V Y H  = 0 
A 
n 
It w a s  reasoned t h a t  t hese  t h r e e  equa t ions  can be so lved  
f o r  the  t h r e e  unknowns, -A 4 
Bn, Hn and u. 
From n .B  = 0 fo l lows  t h a t  t h e  normal component o f  B i s  n 
continuous.  
2 
From n x H n  = 0 fo l lows  t h a t  t h e  t a n g e n t i a l  component of  
H i s  continuous.  ( S l a t e r ,  Frank; Electromagnetism, p. 71) 
1.) Elabora t e  c a l c u l a t i o n s  were performed f o r  t h e  so lu-  
t i o n  o f  t h e s e  equa t ions ,  however an e r r o r  was made i n  t h e  
mathematics 
A A 
r A r 
r r 
n. (Sm F) f hm. (m. F) 
mn mn 
2.) The e r r o r  having been c o r r e c t e d ,  t h e  equa t ions  f o r  
t h e  s o l u t i o n  looked hope le s s ly  complex, because second p a r t i a l  
d e r i v a t i v e s  appeared now. 
2 
The r ea l  t r o u b l e  w a s  however, t h a t  H was w r i t t e n  as t h e  
g r a d i e n t  of a s c a l a r  p o t e n t i a l  (086-150-155), f u l l y  j u s t i f i e d  
.A 
h e r e ,  but  r e s u l t i n g  i n  an i d e n t i t y  of  t he  equa t ion  17x1-1 = 0 , 
because t h e  c u r l  of a grad.  i s  always zero.  Th i s  "equat ion" 
i s  t h e r e f o r e ,  always s a t i s f i e d  i n  t h e  analyzed case  and i t  i s  
u s e l e s s  f o r  t h e  r equ i r ed  s o l u t i o n ,  97-057, Sep 2-24-67 ) 
n 
G097uO51, equ. 7, Octo 3 ,  67) 
fi t o  s o l v e  t h e  t h r e e  Maxwellian equat ions  
e o t h e r  approach could be 
3 . )  I n  an t h e  d i f f i c u l t y ,  i t  was 
reasoned, tha2 a f i t s  d iv .  and c u r l  are 
n. Then B be ing  a v e c t o r ,  i t  would be necessary  only  t o  
i t s  d iv .  and c u r l  by known q u a n t i t i e s  from t h e  b a s i c  
axwel l ian  equat ions .  (097-046, -97-058, Sep, 24, 67) 
The d i v ,  and c u r l  o f  B were w r i t t e n  accordingl-y. 
-A 
-.I3 097-066, Sep. 27, 1966) 
4 
V Y R  097-0519 Oct. 3, 1966 ) 
a 
and i t  was shown, 097-060, Oct. 3$ 1967 how can B ca lcu-  
laGed then,  
The reasoning  was cont inued by s t a t i n g  t h a t  t he  d i v ,  and 
c u r l  a r e  known if a l l  components o f  t h e s e  quan-ti t ies a r e  known, 
These components a r e  khe n i n e  f i r s t  o r d e r  p a r t i a l  d e r i v a t i v e s .  
t h e  I n  o r d e r  to f i n d  the  n ine  p a r t i a l  d e r i v a t i v e s  o f  6 
six, f iguring in t he  c u r l  w expressed i n  t e r m s  of  ct and 
n components of (097-061, -062, -063, Oct.3, 
097-071, -072, - Sep ta  7 ,8 ,  1967) 
These expres s ions  i n  % h e i r  t u r n  and OJ course ,  r equ i r ed  
H t o  be expressed by some known va lues ,  H was expressed by 
t h e  f i e l d  of  r e a l  c u r r e n t s  and by t e d i p o l e  moments induced 
3 
e l d  i n  t h e  m ~ ~ n e t i z a b l e  t e r i a l  i n  t h e  o r i g i n a l  
86-150-153) and could be &en from t h e r e .  
1 
O f  course9 t h i s  procedure r e s u l t e d  B as a f u n c t i o n  of  
t he  fndepe den& f i e l d ,  t h e  induced d i p o l e s ,  and p-s. The 
i n i n g  t h r e e  p a r t i a l  d e r i v a t i v e s  
2 
a B  
_I h B x  5 -e-_. 
Az 
r i t t e n  f r o m  t h i s  exp res s ion  o f  €3 as f u n c t i o n s  o f  t h e  f i e l d  
r r e n t s ,  the induce d i p o l e s  and p-s.(O97-065, Oct. 3,  
a x  a y  
-074, sep ,  9 ,  1967 
- 2  
B and B w e r e ,  of  
Bx9 y z The r e s u l t i n g  equat ions  f o r  
course ,  s c a l a r  and n o t  v e c t o r i a l  equat ions .  Th i s  observance 
gave the  i d e a  t h a t  on ly  s c a l a r  q u a n t i t i e s  should be used. Th i s  
i s  q u i t e  s e l f  ev iden t  by now, and i t  i s  s u r p r i s i n g  why i t  w a s  
no t  seen before .  
i 
i 
f 
A s  a byproduct,  (097-066, sh. 1, O c t .  3, 1967) i t  w a s  
A 3 
shown t h a t  i f  v . B  = 0, then  n . H  = 0 too. Th i s  r e s u l t  gave 
an express ion  f o r  v e H  = 0,  and as i t  w a s  proven p rev ious ly  
nx; = 0 i s  always s a t i s f i e d  here ,  i t  w a s  at temp€ed to use  
n.B = 0 (097-066, sh. 2, O c t .  3, 1967) as a f u n c t i o n  of  Hx, 
and p, der ived  f r o m  t h e s e  equat ions .  Then the  H-com- 
ponents appearing i n  t h e  express ions  o f  rf w e r e  lumped w i t h  
r e a l  c o n s t a n t s  i n t o  terms paramet r ic  i n  ‘Ft, by which manipula- 
t i o n  a s e t  o irst o r d e r  p a r t i a l  d i f f e r e n t i a l  equat ions  w a s  
reached f o r  and v. It w a s  thought t o  s o l v e  them by l i n e a -  
r i z i n g  t h e m  by numerical  approximation - an i d e a  maintained i n  
the  f i n a l  s o l u t i o n .  
A 
4 
Hy9 HZ 
Unfor tuna te ly ,  t h e  s e t  o f  equa t ions  t o  be so lved ,  tu rned  
o u t  t o  be a s e t  of homogeneous equat ions  - which could be solved 
only for t h e  r a t i o s  of p- s ,  and even so only  i f  t h e  determi-  
nant  of t h e  s e t  and a t  l e a s t  one minor w a s  ze ro  - and t h i s  i s  
not  t h e  case  g e n e r a l l y .  (097-066, sh. 4, O c t .  3, 1967) 
~ Again, t he  H-components were no t  known i n  t h e  eguat ions  f o r  
B ,  and so t hese  equat ions  were noth ing  e l s e  but  t h e  B-components 
as f u n c t i o n s  of $-components, where both 3 and $-components were 
unknown. So, t h e r A w e r e  now not  only t h r e e  unknoylns, bu t  six, 
t h e  t h r e e  unknown B-components and t h r e e  unknown H-components, 
a t o t a l  of s i x  unknowns, i n  only three equat ions .  
A 
4. )  Severa l  a t t empt s  were made t o  f i n d  f o u r  independent 
equat ions  when, du r ing  t h e  desc r ibed  work i t  w a s  r e a l i z e d  t h a t  
t h e  unknowns t o  be found r e a l l y  are H x , H  H Z ,  and p. 
Y’ 
One such a t tempt  formulated f o u r  equat ions  as fo l lows:  
2 = , / B 2 + R  2 + B Z  2 
X Y 
) 1 H z + H  J y  + H Z  
2 
and t h e  B-components on t h e  r i g h t  s i d e  were w r i t t e n  i n  terms of 
t h e  H components de r ived  from V X B  = 0 and n x H  = 0. (097-060, 
October 3, 1967). 
> 2 -* 
-5 
a . B  = 0 ( 2 )  
a-3 
3 
t he  d i v  B expressed i n  terms of p a r t i a l  d e s i v a t i v e s ,  t h e  
l a t t e r  ones aga in  expressed i n  terms o f  t h e  H-components. 
(097-064, Oct. 3,  1967) 
w a s  w r i t t e n  because t h e  divergence of  any c u r l  i s  zero.  (097- 
076 through -78, Sep. 9 ,  1967) 
The magnetizing curve. 
( 4 )  
Unfortunately,  aga in ,  equ. ( 3 )  turned out  t o  be an  0 = 0 iden- 
t i t y  because t h e  c u r l  of  t he  f i e l d  o f  c u r r e n t s  i s  i d e n t i c a l l y  
zero.  (097-078 and -079, Sep. 9 ,  1967). Th i s  k i l l e d  t h a t  
scheme. 
O f  course  and of same reason  a p r o p o s i t i o n  t o  c a l c u l a t e  
no t  I?, but  p, from t h a t  equat ion  (097-081, Sep. 11, 1967) d i d  
no t  work e i t h e r .  
A t  t h i s  p o i n t  i t  w a s  a l s o  observed, t h a t  one d i f f i c u l t y  of  
such a p r o p o s i t i o n  w a s  a l s o  t h a t  ?f i s  n o t  a s i n g l e  valued func- 
t i o n  of  u .  
-* 
Only p i s  a s i n g l e  va lusd  f u n c t i o n  of  H. Th i s  obse rva t ion  
poin ted  ou t  t h a t  n o t  p, but  H must be c a l c u l a t e d  first; then  p 
can be read  from t h e  magnet izat ion curve of t h e  material.. 
3 
5 . )  H appeared always i n  t h e  form of i t s  t h r e e  C a r t e s i a n  
components, A survey of t h e  work done r evea led  (097-098, Sep. 
15, 1967) t h a t  equat ions  between t h e s e  t h r e e  Cartesian com- 
ponents and t h e  pe rmeab i l i t y ,  @,were a l r e a d y  developed (097- 
064-3x,3y,3eS and 4x1, 4y1, 421). Sa why not t ry  to s o l v e  t h e s e  
H HZ keeping p as a parameter (097-090, equat ions  f o r  
Sep. 15, 1967). Th i s  seemed t o  be p o s s i b l e ,  because t h a t  w a s  
a s e t  of 3p equat ions  for 3p unknowns. Then use  the  r e s u l t -  
i n g  H i n  t h e  n . B  = 0 ,equation and s a t i s f y  Maxwell t h i s  way, 
3 = !re, where a g a i n  i s  the  rf r e s u l t i n g  from t h e  above 
j p  equat ions  and i t  i s  i n  terms of u ,  and s o l v e  the l a t t e r  
two eqiiations 
Hx’ y’ 
..a -* 
ombine t h i s  form of  n.B = 0 and t h e  magnetizing curve 
-4 
v , B  = 0 
-3 3 
B = pH 
0% 
f o r  H and p(O97-090, -091, -092 ,  Sep. 14 ,  1967) 
3 
B 
3 
’ f  
-4 
”?$ 
t 
z 
When t h e  determinant  o f  the  H-equations w a s  i n v e s t i g a t e d ,  
&st was f e l t  b e t t e r  t o  use  t h e  magnetic moment, M, i n s t e a d  o f  
H (097-088, -089, Sep. 13, 1967) (097-091, Sep. 1 4 ,  1967) be- 
cause i t  may y i e l d  s imple r  express ions .  
A 
It should be noted t h a t  t he  n,R = 0 equat ions  are homo- 
geneous, and t h e r e f o r e ,  t he  magnetizing curve i s  n o t  one equa- 
t i o n  too  much, bu t  needed f o r  t he  s o l u t i o n  (097-094, Sep. 24, 
1967;. 097-095, Sep. 30,  1967). 
This  reasoning  and t h e  a lgor i thm looked t o  be in orde r ,  
butfrwn &fact t h a t  t h e  magzetizing curve can no t  be expressed 
by an a l g e b r a i c  e q u a t i o n d i f f i c u l t i e s  amsee  Algebraic  ap- 
proximations l i k e  the  FrGhlich-equation, though considered 
(097-095, Sep. 3 0 ,  1967) proved n e i t h e r  a c c u r a t e  enough, nor  
prae t i c a l .  
A t  t h i s  po in t  i t  seemed tha t  a deadlock w a s  reached. 
6 . )  It  seemed t h a t  a t  l e a s t  t h e r e  were some u s e f u l  by- 
products  developed. Such were express ions  f o r  t h e  C a r t e s i a n  
components f y  the  a r t i a l  d e r i v a t i v e s ,  and forathe divergence 
and curl. o f  1-T and Car t e s i an  components of I T  097-064, sh .  
1-2 ( i n  terms o f  magnetic moments) C a r t e s i a n  components of R 
P a r t i a l  d e r i v a t i v e s  o f  38 i n  terms of H and M b  
a 
077-064, she 2 - 3 ,  -b A 
-5 
n.17 097-061, -062, - 0 6 3 ,  -064, sh 4-5,  -065 
097-066 shi. 1 097-127 
-3 
2 
n,B 097-066 she 2-4 097-126 
nxIT  097-057, sh.  9 ( a l s o  097-051-7 equ.) 
V X B  097-051 through - 0 5 5  and 097-079,097-126 
097-127 
a 
A 2 2 
The c a l c u l a t i o n  of R from n . R  and v v R  097-060. 
Many d e t a i l s  of  those  c a l c u l a t i o n s  were saved and used 
d i r e c t l y  i n  the develapment of  t h e  f i n a l  s o l u t i o n .  
7. ) The ”breakthrouch” came w i t h  the r e c o g n i t i o n  t h a t  
t h e  s c a l a r  q u a n t i t i e s  f o r  which a so l i i t ’on  can be found a r e  
no t  t h e  t h r e e  Car t e s i an  components o f  
a r e  the s c a l a r  p o t e n t i a l ,  rp, and V, t h a t  i s  only two s c a l a r  
q u a n t i t i e s  (Sep. 30, 1967), s e e  (097-094 s h . . 1 0 ,  and 097-096). 
3 and the  U ,  bu t  they 
Th i s  w a s  recognized by observing t h a t  t h e  scalar p o t e n t i a l  
was everywhere p r e s e n t  i n  t h e  equa%ions though sometimes hidden,, 
T - 5  
8.) 
ponents of  11 
For i n s t a n c e  
d i f f e r e n t i a l  
A 
the next  s t e p ,  and as H c vrp, t h e  C a r t e s i a n  corn- 
were w r i t t e n  as f i r s t  p a r t i a l  d e r i v a t i v e s  of  cp. 
- hrp and so  on. The r e s u l t  w a s  a p a r t i a l  Hx - ax 
equa t ion  f o r  (o and Ll. (097-097, 30, 1967). 
9 . )  Then t h e  p a r t i a l  d e r i v a t i v e s  of cp and u ,  w e r e  ap- 
10.) Whj l e  first t h e  H-components on t h e  r i g h t  s i d e  o f  
proximated by a l i n e a r  approximation (097-098, O c t .  3, 1967). 
2 
t he  e u a t i o n  were maintained and caused d i f f i c u l t i e s ,  f i n a l l y  - a l l  2 - s  were rep laced  by p a r t i a l .  d e r i v a t i v e s  of v. 
t h i s ,  t h e  fo l lowing  w a s  observed. 
I n  doing 
a,) The second o r d e r  p a r t i a l  d e r i v a t i v e s  o f  Q could be 
expressed by t h e  f i rs t  o r d e r  p a r t i a l  d e r i v a t i v e s  of  rp 
and by geometr ic  r e l a t i o n s .  
b.)  The d e r i v a t i v e s  must  be s p e c i f i e d  c a r e f u l l y  as f a r  as 
t h e i r  l o c a t i o n  i n  t h e  space i s  concerned ( d e r i v a t i v e  a t  
n o r  m, s e e  sh. 1 5 ,  097-099, Oct. 11, 1967). 
By t h i s  a mathematical s o l u t i o n  w a s  reached and completed. 
11.) Q u i t e  some more work w a s  r e q u i r e d  t o  reduce t h e  
t h e o r e t i c a l  s o l u t i o n  t o  p r a c t i c e ,  
a . )  There a r e  a number o f  c o n s t a n t s  t o  be c a l c u l a t e d  i n  
the  equat ions.  These c o n s t a n t s  were expressed. (097-099, 
Oct. 11, 1967, 097-101, -102, Nov. 8 ,  1967). 
b , )  Simple examples w e r e  sketched t o  s e e  i f  t h e  mathema- 
t i c s  can be r e a l l y  app l i ed  (097-103, Nov. 11, 1967; 097- 
114 ,  Nov. 25, 1967),  
c . )  The equat ions  were checked r ega rd ing  t h e i r  feasibi-  
l i t y  f o r  computer-language (097-110) . 
d.)  The a lgo r i thm w a s  sketched (097-111, Nov. 25, 1967). 
Th i s  po in ted  ou t  t h e  n e c e s s i t y  of c a r e f u l  indexing. 
1 2 . )  It  w a s  recognized t h a t  t h e  only g r e a t  d i f f i c u l t y  
remaining i s  t h e  s o l u t i o n  of a large number of simultaneous 
l i n e a r  equat ions .  (097-104, - lo5  Nov, 11, 1967; 097-117, Oct.2 
1967) 
It i s  r e a l i z e d  t h a t  t h e  s i z e  of t h e  computer-memory and 
t h e  l e n g t h  of t h e  computer-time are t h e  l i m i t i n g  f a c t o r s  i n  
t h e  a p p l i c a t i o n .  F u r t h e r  work i s  much needed i n  o r d e r  t o  i m -  
prove t h e  computer-technique. There a r e  some t e n t a t i v e  i d e a s  
for t h a t  purpose,  
T - 6  
1 
e.g. a zooming technique (097-106, Nov. 19, and 22, 1967) 
exploitation of symmetry(097-112, N o v .  21, 1967) 
a block-i terative approach (097-118, Dec. 5 ,  1967) 
Some doubts arose in the correctness and how to calculate 
in points on the boundary between iron and air. This was clari- 
fied (097-115, Nov, 25, 1967). 
13,)‘ It was also clarified that the solution dissolves 
itself into three major steps: 
aA 
1.) Calculation of O H  , the rn.m.f. gradient due to 
electric current in alf points of the space, and 
neglecting the presence of ironn This was shown in 
Paper #4 at the I1 International Conference on 
Magnet Technology in Oxford, England. 
2,) The calculation of cp and at points in the 
iron (097-099, -100). 
03 
3 . )  The calculation of the m.rn,f. gradient, Hn in 
points outside the iron but considering the iron. 
(097-108) 
The really complex part is Step #2. It is the intention 
to solve it by using a main computer program and geometrical 
subroutines, 
First, simple cases, like a cube, a rod, etc. will be 
handled by direct solution of the set of linear equations, 
This will be checked against test-results. 
If the first calculation proves to be right and also if 
the computer-program is debuggeed, then more complex cases will 
be solved by additional techniques. 
Finally, the accuracy of the calculation will be checked. 
T - 7  
'B APPENDIX I1 
A t  points  where i s  no current: 
A 
J = O  
and f o r  s.tatic problems 
3 
a D  - = o  
A t  
One o f  Maxwell's equations i s  
(057-44) 
(057-45) 
A combination of (057-44, 45, 46) r e s u l t s  f o r  s t a t i c  problems 
and f o r  points  without e l e c t r i c  current 
3 
n y H  = 0 (057-47) 
APPENDIX 111. 
The expression in equation 155-5-2, 046-2, can be developed 
as follows: 
155-5-2) 
1046-2) 
J 2 
Recall for any two vectors, E and F. 
Use in the above equation 
h 
mn E = h m ;  F = -  2 
mn r 
4 4  J 
Then (F*.rp)E = 0 as VE = 0 
(155-5-6) 
046-6) 
155-5-7) I 046-7) 
155-5-4,5) 
046-495) 
--5 
and nxE = 0, because all partial derivatives of E at n vanish 
a z  
E = hm being a constant at n. With this nomenclature 155-5-2) 
1046-2) 
become s 
scalar vector 
v -
vector vector 
T T T - 1  
The first term on t h e  r i g h t  hand s i d e  of t h i s  equa t ion  can be 
developed as fo l lows  
4 cos ( krm)  
cos ( irm) cos( jrm) + ?  - = i  15 5- 5-9 ) 
r 
2 2 104'7-1) 
+i: 
m n  rmn 
A mn 
r 2 r 2 mn 
A 
h .o= cos(ihm) a + c o s ( j h m )  + cos(khm* 155-6-1) 
In h X  aY a z  1047-2) 
A r cos ( i rmn)  cos ( irm) 
2 i3Y z-+ 
mn rmn a x  r 
+ cos ( jhm)  h (h,.n) A --y m -   
r mn 
- 0  - 0  - 0 - 0 - 0  - 0  - 0  - 0  -.-.- 
2 cos(krmn)l mn r + cos(khm) 155-6-2) 1047-3) 
and the second t e r m  on t h e  r i g h t  hand s i d e  of equ0(046-8)can be 
developed as fo l lows:  
mn 
c 
1. mn 
c o s ( i r  ) mi 
2 r mn 
= (155-7-3) 
(048-1) 
---E----- 
# 
A B 
a 
co 8 (kh,) 
C 
155-7-4) 
1048-2) 
-.-.-.--I- * -  .-*,--ran. -.--. mn 
J 
t i  
c o s ( i r m )  cos(krmj - + nkhos(4.h m ; 5 z  )L -2 - c o s ( i h m ) h  - 2 
a. mn -.-.-.-.-.-.-:mQ-.-. 
111-3 
I 
The equation (155-5-2) (046-2) i s  then i n  a more developed f o r m  
and by combination of  (046-8h (047-3), (049-1) as follows. Note 
that  the terms dash-dotted underlined i n  equ. (047-3) and 
(049-1) cancel .  
cos(  ir-) 
2 
mn 
4. 
2 
mn ,' 
+ 
+ 
3 
d 
111-4 
APPENDIX - .IV 
The Mathematics - --- of Forming v.&O Equation in Terms of rDand u, 
z 
I J s e  partial derivatives of cr for the components of H as 
shown above. (155-5-1, 046-1) 
Linearize, expressing the first partial derivatives of c p n - s  by 
differences. 
'1 
i 
I 
t 
'I 
i 
0 9 9 - 6 2 )  
098-12) 
TI ' -1  
Expressing the first and second partial derivatives of the 
terms containing the cosines and the rmn-s in equ.(099-5x,y,e) 
and( 099-1Oxx,yy,zz) 
c -  
R 
r 
2 
2 
p n - x m )  2 
n- xm X 
2 
Xn-Xm) 2 +(Y,-Y,) 2 + ( 2 p  m,.I E 
h 
b21 2 [ d 
Similsriy 
and 
I 
4 
1 
R 
1 
i 
R2 -3(z,-zm )2 
(xn-xm) 2 +(Yn+Ym) 2 -2(zn-zrnl2 
- 
5 
= : -   
‘rnnkz 
7 2 R 
(130-4) 
Similarly 
‘ R2 
T V - 3  
S i m i l a r l y  
- 
and cmniz - cmnkx 
and Cmjz = C W y  - 
Now consider second 
(130-7) 
part i a l a  
cas ( i rm)  2 x -x -h n m  
2 1 -2-  - 
2 cmixx ' xn R2 
'I 
I 
-3 
L 
I 
S i m i l a r l y  
z 
2 
{xn-xm) 2 2 
+(Y,-Y,) +(z, -z  m 2 ( xn- x.)) 
- 3 (Y,-Ym) 
2 
2 [(Xn-xm) 2 +(Y,-Y,) 2 + ( Z n - Z m ) j  
L 
(130-12) 
I- '1 
L 
2 
rv-6 
f 
,1 
"1 
h 
R' 
(130-13) 
(130-14) 
R '  
3 
TIT-7 
(xn-xm) [ -3( xn-xm) 2 - 3 (Yn-Ym) 2 +12(Zn-Zm)2] 
@Y L 
(130-16) 
c 7 
All derivatives calculated are numerically defined in a cerkain 
problem. They can be considered as constants and denoted by 
the C - s  as shown above. 
Now express the first partial derivatives of w rn 
3 * I  
Q 
V-8 
1 
.. 1 
‘ a  
i 
Write  t h e  h e r e  c a l c u l a t e d  v a l u e s  of t h e  p a r t i a l  d e r i v a t i v e s  i n t o  
(099-5X,Y,Z). 
The result is :  
n . sun ? r -  
? X  A X  
n u i l d  t h e  product :  - - u s i n g  (099-8x,y,  z )  and (099-9x,y,  2 ) .  
T V - 9  
- 
+ 
+ 
In+ n 
Note that Am con ta ins  
1-1'-1 a 
IV-12 

Express the second order partial derivative of tpn - s 
2 cos(krm), 
2 cos(irm) 
4 - -  2 2 
-1 2 cos(jrm aQm "In b 2 m n  + -  2 2 ayn 2 r  + -  rmn 
2 
l P  
4Tr +r OHnlj - - a z* m= 1 
a Pn 
3 1 ;  rmn 
2 - -  
n 
m f n  
~SubstiCute (099-6x, 6 ~ ~ 6 2 )  into (099-1oxx,lOyy,10as), and develapdd 
from the second partial derivatives of the terms with the iss. 
1 
Denote again Vm(Clrm-l) = Am 
The result is 
1 + (-A m x  'mnixx T ( x m + l  Y Z )  m m + 
m+f-xm-P m= 1 
1 
' m n i y y  p ( X m - l  Y Z )  m m 
- 
m+l-xm-  1 + Am x 
TV-I. 7 
Equations (099-13xq~3yyJ3zz) are giviIig the second partial 
expression o f  v . B  
derivatives of  yn in the f o r m  to be used later in the expanded 3 
-4 
no 
A lumping of all constants results in forms o f  the qquations $ s ("09-13xx, 13yy, 1_3zz) as f a l l o w e z '  " j  
rv-16  
- Kmnjzz~(zmym+lzm) + Kmnjzz~(xm~m-~zm) - 
- Kmnkzz~'xmymzm+l) + "mnkzz?' x y z  m m m-1 j (099-13~~1) 
The s u m  of the second derivatives will be required. This is 
written by totaling (099-13~x1, 13yy1, 13221) 
2 2 2 
+ 3 rnn a Yn [Pn 
a Zn' a xn "n 
- 
2 - -Knhx+l - - Knhy+l - - Knhz+l - + - -  + -  2 2 
Lumping the constants further 
T V - 1 7  
are used m n j '  Kmnlc Only three di erent constants, ICmi8 K 
for each ran combination, plus one constant Knh for each n. 
Note that the constants ICmni' K 
vxHk,c 0 is automatieally satisfied, because (099-14) (100-1) 
Hn = - own -057 ah. 9) (099-15) (iOOk4) 
(099-16) (1QO-2) 
K- contain w,( xmymtam) .' a 
.A 
P 0 must be satisfied 
rn v o (-O<cJ-j = 0 (096-7) (099-17) (100-5) 
constant, fo l lows  
! 
3 T7* p m v m n j  = 0 (096-8) (099-18) i 
Expand (099-18) 
(099-19) (100Ld) 
4 
(096-9) 
~ ~ d ( 0 9 9 ~ 9 )  to P, times (099-13) to have (099-19). The 
a linearized equation between "3n - s and p, - a. 
' P  t + k. 
,3 
14 
i 
rv-19 
and Kmi through Kmnk 
through Knhz and Knh do nof. 
Expand again the K con so as to show the p - a. r 
x I J b  r n-1 Y Z )  n n + 
IV-20 
A l l  constants evaluated i n  th is  Appendix I V  are l isted i n  
alphabetical order i n  Appendix V .  
, 
_APPENDIX V 
LIST OF CONSTANTS -- 
n m  
v- I. 
mnky 
'mniz 
'mn jz 
Cmnk 
2 -  
2 R 
(130-8) 
2 
R -3  
'mnixx 
i 
cmnkxx 
(130-12) 
(130-14) 
-9 R j  - 
R7 
(130-10) 
V- 3 
R ‘  
(130-16) 
R‘ 
(130-11) 
4 
'nh - 'nhx+l - + Knhyzl + %hs+l - - 
K = Krenjxx + K  =jYY + 'rrmjzz 
'mnk = 'mnkxx + Kmnkyy + Krsnkzz 
(109-11) 
(109-12) 
(109-13) 
(109-14) 
R 
(101-4) 
V-6 
+ 
c 
(101-4) 
7/r2(x y 2 )(x y z ) ) + (XmYmZm) (XnYnZn) m m m  n n n  
- ( 2  C O S E .  
(101-$) 
V - 8  
(109-16) 
P P 
v-9 
K - (109-18) -iY 
K e 
-3Y (109-19) 
(109-20) 
v-10 
\- 
(101.7 1 
(109-21) 
(109-22) 
v-11 
a 
Y f -  
rc 
(109-23) 
E Am cQlniyy 
+l-xm-l x 
K la  
(109-26) 
(109-27) 
(109-28) 
( 109- 34) 
L -3 =* 
N c 
=iY 
102-6) 
1102-15) 
102-15) 
102-8) 
1102-15) 
V-15 
E q u a t i o n s  
046-1 
046-2 
a 
I 
2 
046-3 
046-495 
046-6 
046-7 
046-8 
047-1 
047-2 
047-3 
048-1 
048-2 
048-3 
048-4 
049-1 
049-2 
056-11 
057-44 
057-45 
057-46 
057-47 
064-1 
064-2 
APPENDIX VI 
L i s t  of Equations 
Page 
17 
17, 111-1 
111-1 
111-1 
111-1 
111-1 
1x1-1 
111-2 
111-2 
111-2 
111-2 
111-3 
111-3 
111-3 
111-3 
18, 111-4 
20 
11-1 
11-1 
11-1 
11-1 
18 
18 
VI-1 
Equations 
064-3~ 
064-3y 
064-38 
064-4x1 
o 6 4 - 4 ~ 1  
064-4~1 
096-1 
096-2 
096-3 
098-1x 
098-ly 
098-12 
098-3x 
098-3~ 
098-32 
099-1X 
099-1Y 
099-12 
099-2 
099-3 
099-4x 
099-4~ 
099-42 
099-4x 
099-5~ 
VI-2 
Page 
19  
19 
19 
19 
19 
19 
20 
20 
20 
1v-1 
1v-1 
1v-1 
1v-8 
1v-8 
1v-9 
20 
20 
20 
20 
20 
20 
20 
20 
21 
21 
4 I 
Equations 
099-52 
099-6~ 
099-6~ 
099-62 
099-8~ 
099-BY 
099-82 
099-9 
099-9a 
099-9x 
099-9x1 
099-9x2 
099-9Y 
099-9~1 
099-9~2 
099-92 
099-921 
099-922 
og!?!-1oxx 
099-~OYY 
Page 
21 
1v-1 
IV-t 
1v-1 
1v-8 
iv-8 
1v-9 
IV-12 80 13 
v-1 
5v-9 
1v-10 
1v-11 
1v-9 
1v-10 
1v-12 
5v-9 
1v-11 
1v-12 
22, IV-14 
22, IV-14 
22, I V - 1 4  
1v-18 
1v-17 
33-15 
rv-16 
VI-3 
0 9 9 - 1 3 ~ ~ 1  
099-14 
099-15 
099-16 
099-17 
099-18 
099-19 
099-20 
099-22 
099-23 
099-24 
099-25 
099-26 
099-27 
099-28 
099.29 
099-30 
100-1 
100-2 
100-3 
100-4 
100-5 
VI-4 
P w e  
1v-rg 
iv-17 
IV-3.6 
1v-17 
1v-18 
1v-18 
1v-18 
1v-18 
1v-18 
1v-18 
23, 24 Q IV-18, 19, 
20, 21 
24 
24 
25 
25 
25 
25 
29 
25 
25 
6 
6 
6 
6 
9 
'I 
I 
Equations 
100-6 
100-7 
100-8 
100-9~ 
100-9y 
100-92 
100-10 
101-4 
101-7 
102-1 
102-3 
102-4 
102-5 
102-6 
102-7 
102-8 
102-9 
102-10 
102-11 
102-12 
102-13 
102-14 
102-15 
109-1 
109-2 
Page 
9 
9 
10 
10 
10 
10 
10 
v-6.7 , 899 
V-9,10,11,12 
V-14 
V-14 
V-14 
V-14 
V-14 
V-14 
V-14 
v-15 
v-15 
V-15 
v-15 
v-15 
vw15 
V-14, 15 
V-6 
v-7 
VI-5 
Equation6 
109-3 
109-4 
109-5 
109-6 
109-7 
109-8 
109-9 
109-10 
109-11 
109-12 
109-13 
109-14 
109-15 
109-16 
109-17 
109-18 
109-19 
109-20 
109-21 
109-22 
109-23 
109-24 
109-25 
109-26 
109-27 
Page 
V-8 
v-5 
v-5 
v-5 
p-5 
v-5 
V-S 
V-!5 
V-S 
v-5 
v-5 
V-S 
v-9 
v-9 
v-9 
v-10 
v-10 
v-10 
v-11 
v-11 
v-12 
v-12 
v-13 
v-13 
v-13 
i" 
' 1  4 
e 
VI-6 
L 
'1 
'1 
9 
I 
1 
Equa i 0x28 
109-28 
109-29 
109-30 
109-31 
109-32 
109-33 
109-34 
109-35 
130-1 
130-2 
130-3 
130-4 
130-5 
136-6 
130-7 
130-8 
130-9 
130-10 
130-11 
130-12 
130-13 
130-14 
130-15 
130-16 
130-17 
Page 
v-12 
v-12 
v-12 
v-13 
v-13 
v-13 
v-13 
v-14 
IV-2 & v-1 
IV-2 Q v-1 
IV-3 & V-2 
IV-3 8c v-A 
IV-9 & v-1 
IV-3 A v-i 
IV-4 Q v-2 
IV-5 g, v-3 
IV-5 8s v-4 
IV-6 & V-3 
IV-7 & v-3 
IV-7 80 v-3,4 
sv-7,0 ob v-4 
IV-8 80 V-4 
VI-7 
Equations 
150-1 
150-2 
151-1 
151-2 
151-3 
151-4 
151-5 
152-1 
152-la 
152-2 
152-3 
152-4 
152-5 
152-6 
a53kl 
153-2 
153-3 
153-4 
155-2 
155-3 
153-4 
155-5-1 
155-5-2 
155-5-3 
135-5-4.5 
155-5-6 
V I - 8  
Page 
12 
12 
12 
12 
12 
12 
14 
14 
14 
14 
14 
14 
15 
15 
15 
15 
15 
15 
17 
17 
17 
17 
17, 111-1 
111-1 
111-1 
111-1 
? 
Equations 
155-5-7 
155-5-8 
155-5-9 
155-6-1 
155-6-2 
155-7-3 
155-7-4 
155-7-5 
155-7-6 
155-7-7 
155-8-1 
Page 
111-1 
111-1 
111-2 
111-2 
111-2 
T I I - 2  
111-3 
111-3 
111-3 
111-3 
18, 111-4 
VI-9 
APPENDIX VI1 
Cornpu ter Program 
as output  o f  computer 
i 
i 
1 
V J T - 3  
I I -  
cu 
o w  u 
* + c  
Pi 0 c 
O C  
c-(rT(r 
II II I 
- 3 3  
Q C C C  
ooc 
ooc 
ooc 
( 
t 
> 
c 
u 
C 
C 
.. 
4 
c 
r 
I 
5 
.. 
c 
c 
c 
< 
I 
I 
c 
h 
e 
% 
U 
c1 
C 
C 
! 
.. 
X 
T 
fi 
e. 
c 
3 
0 
u, 
0 
c 
Wl 
vl 
b 
r4 
Y 
e 
A 
CD . 
V I  I -  
i 
i 
j 
i 
I 
i 
i 
j 
, 
I I - E  
c 
. 
c 
C 
i- 
c 
c 
1 * 
c 
r 
I 
c 
. 
c . 
E 
. 
z 
c 
< . 
\i 
I-i ri 
I I :  
7 Y .  
II II L 
7 X C  
n a ;  
I 
r - f 4 *  
n a L  
@ O r  
O d r  
ooc  
G O (  
c 
0 
c 
c 
I 
t 
c 
a - 
.- 
I . 
c 
a 
4 
r 
I' 
4 
0. 
4 - 
b 
h 
> 
z 
3 
c 
-s - 
m n  -A 
c 
X 
N 
L 
rn 
k 
II 
c 
m 
E 
J 
X 
.G 
X 
N 
m 
Y 
c 
c 
v 1 ’ 1  -a  I 
c 
z 
ZI - 
#- 
c 
P - 
4 
2 
3 
0 
C 
3 
I- 
2 
C 
C 
U 
C 
0 
c . 
L 
r 
C 
C 
C 
r 
cc 
a z 
Q 
I- 
C 
(r 
c 
i 
'1: 
LI 
C 
I- 
(r 
U 
C 
a 
C 
U 
- 
c 
k 
c 
c 
2 
C 
c. 
c 
I- 
I 
< 
c 
> 
O 
I- 
I 
c 
I- 
< 
- - 
U 
I" 
U 
U 
u - 
e: 
c 
k 
I! 
- 
C 
0 
. 
L, 
U 
c 
3 
I- 
C 
V 10 
I 
N 
f - l  
3a. 
C' x 
I 
L J  
i 'c" 
z?I; 
3 
C 
0 
N I  
I 
I 
V I  I -  
: u. 
c 
, c  
0. 
tr 
C 
U. 
z 
t- 
1 l - l p  
r 
C 
c 
c 
I 
I I *  
a n  
7 b c  
C 
II II r 
a a r  
7 z c  
.el -4 
i 
l-4 14 
n a r  
D O C  
D O C  
O Q C  
11-13 
L - 5 
e 
b 
L 
k 
L 
C 
c 
k 
C 
C 
- 
d 
c 
- 
c 
< 
- 
L 
c 
3 
I- 
C 
U 
C 
I- 
(i 
c 
U 
L 
U 
3 
t- 
I, 
U 
I- 
C 
C 
I 
- 
c 
- .. - . 
.c d 
< 
0 
c 
C 
c 
C 
c1 
I- 
3 
I- 
C 
rn. 
nc 
CC 
O !  
1 6
i 
4 
j 
i 
I 
3 
f 
, 
I 
APPENDIX VIII 
User Operating I n s t r u c t i o n s  
I. Programming S y s t e m .  
360,~50 Fortran I V  G programming system w a s  used, 
11. Equipment Needed, 
The equipment used and needed was as fo l lo%s:  
IBM 360/50 computer 
Disk atoragcr (memory) 
Card reader  
P r i n t e r  
Magnetic tapes. 
111, Job Make Up. 
Data Deck 
See i n  "Description of Input". 
- < < < 
<' 
Main Prograrnm 
See pp. VII-6 and 7 
Subroutine PHICAL 
See pp. VII-9, 10, and 11. 
Subroutine HCAL 
See pp. VII-12 
Subrau%ine PERM 
Sse pp. VII-13 
\ 
/ 
\ 
/ 
--I Control Cards 
VI152 
J 
J 
1 
, 
- r- 
Section 111. 
- 
Control Cards 
___ - - .______ 
/ /  
/ / P E S 0 1 0 0  J O B  ( R 4 0 4 R ; T E S T t 1 2 r 3 ) r s C L h R K e , ~ S G L E V E L P 1  
/ / EX EC--I  0RT-G CLG ,-PA K M & X U ~ ~ . . F n r . o r r . ,  0 E A U 6 = A e q U S Z  
/ / F C R T  EXEC P G P = I E Y F O R T  
/ / S Y S P R I N T  DD SYSOUT=4 
/ / S Y S P-U N C H- D L S X S  O U L = - R  
/ / S Y S L I N  OD O S N A M f = S Y S l . L n A D S E T I D ? ~ P = O L D I  
/ /  O C @ = ( R E C F M = F A p C R E C L = 8 Q p B L K S f Z E = 4 ~ 0 ~  
/ / F  0 RT -.S YS I.N-fJD-*-- 
I E F 2 3 7 I  SYSPUNCH ON 000 
-I E E 2 3 7 - I - S Y S L L L C N - l s L  
IEF2371 SYSIN CN ooc 
I E F 2 3 6 I  A L L O C e  FOR P E S O 1 0 0  FORT 
I- 
Main Prograrnm (MAGFIA) 
See pp. VII-14 and 15. 
> D a t a  Deck See i n  "Dexcription o f  Input" 
I V .  Description of  Input, 
The input i s  given on cards, In addition, scratch-tapes are 
used to  transfer output o f  Section I and 11 t o  input to Section 
TI and I11 respectively,  
Section I. 
Main Programm 
Read Cards, The data  on the Card Deck are shown on l i n e  
0003 on p. VII-2. Format i s  shown on l i n e  0058 on pa V I I - 3 .  
Example o f  Numerical Data i s  as follows: 
See p. V I I I - 5  
VIII-4 
i 
r 
N 
c 
W 
4 
e 
c 
0 
C 
(T' 
0 
0 
I 
s - 4  
c 
0 
CT 
r-4 
0 
0 
I 
e 
0 
CP 
0 
0 
I 
4 
* 
0 
0 
N 
IC 
co 
8-4 
0 
0 
A 
n 
d 
e 
it 
It a. 
3 
VIII-5 
c* 
u. 
C 
c 
c 
c. 
C..' 
c 
r-: 
C 
N' 
C! 
p" 
C 
n, 
C 
LLI 
v 
c 
U 
N 
C ,  
yr. 
c, 
tw 
C 
rru 
c. 0 
pc; 
C 
w 
C 
C 
0 
ru 
c 
u 
C* 
t 
0 
6 0  
c c  
U 
C 
c. 
w !-AI 
c. d c c! 
c 0 
U 
c 
C 
LL 
C 
C. 
C 
CL 
c 
C 
C 
c 
a 
LL 
c 
C 
c: 
c-1 
0 
CJ 
0 a 
C 
C 
c 
lo 
0 
w 
rc. 
e 
0 
0 
c 
c 
Pi 
C. 
.rr 
c 
P I  
r.' 
C 
C 
C> 
0 
u\ 
C 
0 
c, . 
P,c 
4 c3 
. 
r( c 
0 
G 
C 
w 
C 
C 
ri 
0 
Frl 
t. 
P- 
C. 
~r 
C G  
PCI 
C 
N 
C 
U 
0 
0 
rrr 
0 
C Q  
0 0  
CI Q 
0 0  
PI' h 0' 
0 :%:: 
W 
C 
C 
0 
C 
* 4 . 
c( 
w 
C 
0 
& 
c 
c 
C, 
0 
C 
C 
c 
C 
C 
a-2 
0 
d 
C 
4 
0 
G 
0 
-0 
n 
. 
CJ 
c c 
r. 
m 
* 
U-I 
C 
0 
w 
C 
N 
c. 
w 
0 
0 
0 
6-4 
0 
lL 
0 
0 
Wl 
c, 
rc) 
C 
uj 
0 
r .  
c 
U 
0 
0 
C 
0 
a3 
r x J  
rt 
. 
p. 
c 
W 
0 
G 
N 
Q 
UJ 
0 
0 
0 
0 
cc 
m 
a 
.4 
m 
C 
LLJ 
0 
c 
N 
0 
W 
G 
L L  
0 
0 
0 
C. 
C cn 
0 
G 
c1, 
c; 
0 
C 
G 
c 
0 
Ln 
In 
iF 
N 
. 
C 
0 
n? 
C 
0 
C 
m 
0 
G 
43 * * 
C 
0 
C r 
Ln 
0 c 
a 
* 
r-4 
0 
4 
* +" 7 * 
N 
e 
9 N r- c 4  
C 
G 
r( 
0 
IL1 
(2 c 
c 
0 
0 
43 
r-4 
m 
0 
CLI 
0 
0 
N 
0 
n 
0 
u: 
G 
IJ 
c, 
0 
w 
0 
0 
0 
0 
a 
0 
a C 
C 
C 
0 
0 
0 
0 
0 
0 
a, 
* 
0 
0 
N 
0 
4- 
@ 
m 
Fc: 
. z 
-4 4- 
. 
,"4 
N 
C 
UJ 
W 
CP 
m 
r- 
4 
m 
F- 
A 
CJ 
w 
0 
0 
4 
U 
w 
V 
c: 
0 
0 
0 
Ln 
In 
Cd 
c 
W 
0 
0 
Q 
0 
-3 
4 * 
4 
r(l 
V 
W 
0 
V 
0 
0 
W 
CF 
N 
* 
N 
0 
Ul 
0 
0 
Y 
d 
Uul 
O Q  
0 0  
0 0  
or- 
4-rn 
9 1 n  
0 .  
- c m  
i 
3 9:
a 
d 
Q 
Q 
Q 
0 
0 
0 
N 
n! 
* 
0 
0 
43 
0 
Q 
0 
N m 
0 
rt F- 
Q 
0 0 
C 
W 
0 
0 
0 
d 
0 
P-4 
0 
UJ 
0 
0 
(v 
0 
W 
0 
0 
r\l 
0 
u 
0 
V 
0 
0 
0 
Ln 
d 
N 
0 
UJ 
c, 
0 
m 
0 
UI 
0 
0 
0 
U' 
0 
C 
0 
c 
0 
0 
UJ 
0 
C 
C 
0 
0 
-4- 
0 
0 
0 
3 
r- 
. 
0 
0 
m 
u 
F . 4  
0 
0 
0 
m 
N 
o d o o  
0 
0 
0 
qx:: N J N  
* 
4 . 
rt 
e 
r-4 
PJ 
0 
I 
N 
0 
d 
0 
m 
0 
m 
0 
UJ 
0 
u 
0 
In 
r- 
N 
r . 
N 
0 
w 
u 
0 
u 
0 
N 
0 
UJ 
0 
0 
0 
0 
N 
4. . 
P-4 
Crl 
0 
m N  
00 
hl 
o 
m 
O 
N 
0 
IU 
0 
0 
0 
C 
0 
m 
9 
* 
P-4 
0 
UJ 
0 
0 
0 
0 
N 
0 
ln 
* 
4 
0 
Ul 
0 
V 
0 
0 
0 
0 
d- 
. 
w 
m 
UJ 
0 
0 
0 
UJU) 
v o  
0 0  
v o  
o\O 
m 0  
\or- 
m . 4  
* *  
UJ 
0 
0 
0 
0 
L U ~ U I U J  
v o v o  o g
0 a 0  
u1 
0 
0 
C 
UJ 
0 
0 
9 
N 
Ln 
n 
* 
0 
0 
V 
OJ 
0 
0 
0 
0 
Ln 
* 
0 
N 
0 
N 
m 
e 
s-4 1 
i 
j 
Q 
- 'h 4 ' 9  
1 
P J  
0 
Lil 
0 
0 
C 
0 
0 
0 
In 
(v 
0 
w 
0 
0 
0 
0 
0 
0 
In 
a 
N 
0 
Lil 
0 
0 
0 
0 
0 
0 
In 
N 
0 
UJ 
0 
0 
0 
0 
0 
0 
In 
a 
N 
0 
!JJ 
0 
0 
V 
0 
0 
0 
In 
nl 
0 
UI 
0 
0 
0 
0 
0 
0 
m 4 H 
ti 
ti 
I: 
0 
, T i  + 
0 
B, 
v3 
s! 
0 
h 
0 
4 
c? 
r( 
0 
0 
d 
r( 
rl 
. .  
(1, 
& E :  * o  
ca'4 
0 
N 
I 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0,o  
0.0 
0.0 
0.0 
Y =  0.0 
Y = :  0.0 
Y =  0.0 
Y k  0.0 
Y z  0.0 
Y =  0.0 
Y E  0,o  
Y t  0.0 
Y r  0.0 
Y r  0.0 
Y s  0.0 
Y =  0.0 
Y E I  0,o 
Y =  0.0 
Y E  0.0 
V I  Tape Assignments 
z =  
Z r  
z =  
z =  
z c  
z =  
z =  
Z P  
Z r  
Z r  
Z P  
Z r  
Z r  
z m  
Z E  
5.000000~~02 
9,9999963002 
1 , 500000~-01 
2.000000E-01 
2 . gOOOOOE-01 
3,000000~-01 
3.500000~-01 
4.000000E-01 
4.500000E-01 
5.000000~-01 
5.500000~-01 
6.000000~-01 
6 . 500000~-01 
7.000000~-01 
7,500000~-01 
Only scratch tapes are used. The use of tapes is listed 
above, under ltDescriptlon of Input", 
. 
VI, Restriction8 
See as dimension-statements in the programm, in Appendix V I I ,  
VII. Timing 
See p4 81 
VIII. Programmed Error Messages are none, 
IX, Sample Input 
See above in "IV Description of Input" 
X. Sample Output 
Is given in Appendix IX. 
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